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MULTIPLICATIVELY SPECTRUM-PRESERVING AND 
NORM-PRESERVING MAPS BETWEEN INVERTIBLE 
- - -, GROUPS OF COMMUTATIVE BANACH ALGEBRAS 

O 

O ■ OSAMU HATORI, TAKESHI MIURA, AND HIROYUKI TAKAGI 

U 

Qh' Abstract. Let A and B be unital semisimple commutative Ba- 

I nach algebras and T a map from the invertible group onto 

. Linearity and multiplicativity of the map are not assumed. 
We consider the hypotheses on T: (1) a{TfTg) = ^(/.g); (2) 
(TfTg - a) n a, (/g - a) ^ 0; (3) r(T/rg - a) = r(/5 - a) hold 
for some non-zero complex number a and for every f,g ^ A^^, 
where a{-) (resp. cr.^{-)) denotes the (resp. peripheral) spectrum 
and r(-) denotes the spectral radius. Under each of the hypotheses 
• we show representations for T and under additional assumptions 

I we show that T is extended to an algebra isomorphism. In particu- 

lar, if T is a surjective group homomorphism such that T preserves 
the spectrum or T is a surjective isometry with respect to the spec- 
tral radius, then T is extended to an algebra isomorphism. Similar 
^ ^ results holds for maps from A onto B. 

a^ 
m 

^ . 

' ' 1. Introduction 

O I Recently spectrum-preserving maps on Banach algebras which are 

not assumed to be linear are studied by several authors including [U [5l 
El m [HI [9l [TOl [m [121 [13] • III this paper we mainly consider maps which 
are defined on the invertible groups of commutative Banach algebras. 
^ I For unital Banach algebras the groups of all invertible elements can 

■ be isomorphic as groups to each other while these Banach algebras are 

not algebraically isomorphic to each other. Let C([0, 1]) be the Ba- 
nach algebra of all continuous complex-valued functions on the closed 
unit interval. Then the group C([0, 1])~^ of all invertible elements of 
C([0, 1]) is isomorphic as a group to the group of all non-zero complex 
numbers, the invertible group of the one dimensional Banach algebra 
C; the complex number field. We show a proof for a convenience. Let 
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{za} be a Hamel basis for the linear space C over the rational number 
field. We may assume that vr G {z^}. Since the cardinal number of 
C([0, 1]) is the continuum c, the cardinal number of a Hamel basis for 
C([0, 1]) over the rational number field is also the continuum. It follows 
that there is a linear isomorphism S (over the rational number field) 
from C onto C([0, 1]) such that 5'(7r) = vr. Put the map T from expC 
onto exp(C([0, 1])) as T(exp(2;)) = exp{S{z)): T is well-defined since 
S{7r) = vr. By the definition T is multiplicative. Since the equality 
exp(C([0, 1])) = C([0, 1])~^ holds (by a theorem of Arens and Royden 
[21 Corollary III. 7. 4], for example), we see that T is a group isomor- 
phism from {z E C : z ^ 0} onto C([0, 1])^^. In the same way there 
are various pairs of unital commutative Banach algebras which are not 
isomorphic as algebras while the invertible groups are isomorphic as 
groups. An interesting example of a group isomorphism between in- 
vertible groups of two non-isomorphic commutative C*-algebras which 
is also a homeomorphism with respect to the relative topology induced 
by the norms on the algebras is presented in the monograph of Zelazko 
[HI Remark 1. 7. 8]. 

In spite of the above Hochwald [6] proved that if a group homomor- 
phism from the group of all invertible matrices in M„ of all n x n 
matrices into itself preserves the spectrum, then it is extended to 
an algebra automorphism on M„. We show a type of a theorem of 
Hochwald for the case of unital semisimple commutative Banach alge- 
bras (cf. Corollary 14. 3p . We also show that a group homomorphism 
between the invertible groups of unital semisimple Banach algebra is 
extended to a real-algebra isomorphisms between underlying algebras 
if T is isometric with respect to the spectral radius (cf. Corollary 15. 15p . 
In this paper we consider not only group homomorphisms with addi- 
tional topological properties between invertible groups but also mul- 
tiplicatively (resp. peripheral) spectrum-preserving maps and norm- 
preserving maps. We say that a map T between Banach algebras is 
multiplicatively spectrum-preserving if 

a{TfTg) = a{fg) 

holds for every pair / and g in the domain of T, where cr(-) denotes the 
spectrum. The peripheral spectrum {z e a{f) ■ \z\ = r(/)} is denoted 
by o'lrif), where r(/) is the spectral radius for /. We say that T is 
multiplicatively peripheral spectrum-preserving if 

(^ATfTg) = a^ifg) 
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holds for every pair / and g in the domain of T, and T is multiphcatively 
norm-preserving if 

\\TfTg\\ = \\fg\\ 

holds for every pair / and g in the domain of T for a certain norm || ■ || 
including the spectral radius. The study of multiphcatively spectrum- 
preserving maps between Banach algebras was initiated by Molnar [9] 
and he characterized algebra isomorphisms in terms of multiplicative 
spectrum-preservingness. Rao and Roy [12] and Hatori, Miura and 
Takagi [1] generalized the theorem of Molnar for uniform algebras. Ha- 
tori, Miura and Takagi [S] also generalizes for unital semisimple com- 
mutative Banach algebras. Luttman and Tonev [8j introduced mul- 
tiphcatively peripheral spectrum-preserving maps and generalizes re- 
sults of Rao and Roy [12] and Hatori, Miura and Takagi [1] in the 
case of uniform algebras. Lambert, Luttman and Tonev [7] considered 
the maps with much weaker conditions such as mutiplicatively norm- 
preservingsess or weakly peripherally-multiplicativity. 

After some preliminaries in the next section, we study multiphca- 
tively norm-preserving maps between the invertible groups of commu- 
tative Banach algebras in section three. We show that commutative C*- 
algebras are algebraically isomorphic if there exists a multiphcatively 
norm-preserving surjection, in particular, a norm-preserving group iso- 
morphism between the invertible groups of the algebras. 

In section four we consider multiphcatively spectrum-preserving maps, 
in particular, peripheral spectrum-preserving group isomorphisms be- 
tween invertible groups of uniform algebras and show that they are 
extended to algebra isomorphisms between underling algebras. 

In section five we consider non-symmetric multiphcatively norm- 
preserving maps and we consider non-symmetric multiphcatively (resp. 
peripheral) spectrum-preserving maps in section six. We say that a 
map T is non-symmetric multiphcatively norm-preserving if 

\\TfTg-a\\ = 

holds for every pair / and g in the domain of T and some non-zero 
complex number a. We say that T is non-symmetric multiphcatively 
spectrum-preserving if 

(^{TfTg -a) = a{fg - a) 

holds for every pair / and g in the domain of T and some non-zero 
complex number a. We say that T is non-symmetric multiphcatively 
peripheral spectrum-preserving if 

(^ATfTg -a) = a^{fg - a) 
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holds for every pair / and g in the domain of T and some non-zero 
complex number a. 

In the last section we consider maps between commutative Banach 
algebras which are multiplicatively norm-preserving, and show a gen- 
eralization of a theorem of Luttman and Tonev [8j. We also study 
non-symmetric multiplicatively norm-preserving maps between com- 
mutative Banach algebras. 

2. PRELIMINARIES 

Suppose that A is a unital commutative Banach algebra. We call 
the group of all invertible elements in A the invertible group of A. 
The invertible group of A is denoted by A~^. The spectrum of / G A 
is denoted by cr(/). The peripheral spectrum cTttI/) is the set {z G 
cr(/) : \z\ = where r(/) denotes the spectral radius of / G A. 

The maximal ideal space of A is a compact Hausdorff space and is 
denoted by Ma- Then by Gelfand theory, the equality a{f) = /{Ma) 
holds, where / is the Gelfand transform of /. For a compact Hausdorff 
space X, the algebra of all complex- valued continuous functions on X 
is denoted by C{X). We denote cM the uniform closure of the Gelfand 
transform A of A in C{Ma)- Then cM is a uniform algebra on Ma- 
In this paper we denote the Gelfand transform of / in A also by /; 
omitting if A is semisimple. 

Let ^ be a uniform algebra on a compact Hausdorff space X, that is, 
^ is a uniformly closed subalgebra of C{X) which contains constants 
and separates the points of X- For a subset K of X the supremum 
norm on K is denoted by ||5'||oo(x) for g E A- A function / G ^ is 
said to be a peaking function if cr,r(/) = {!}• Since the spectral radius 
and the supremum norm on X coincide for uniform algebras, we see 
by a simple calculation that <7-„{g) = G g{X) : \z\ = ||5'||oo(x)} for 
every g E A. We denote the set of all peaking function by P4 and 
Pa{x) = {/ G P4 : /(x) = 1} for x G X. We also denote 

P^ = {/GP^:0^a(/)} 

and 

P^{x) = {f e Pa{x) ■- ^ aif)} 

for X E X- For a closed subset K of X, we say that 7^ is a peak set if 
there is a peaking function f E A such that K = f~^{l). If a peak set 
is a singleton, then the unique element of the set is said to be a peak 
point. An intersection of peak sets is said to be a p-set. If a p-set is 
a singleton, then the unique element of the set is said to be a p-point. 
The Choquet boundary for A is denoted by Ch(^). Note that Ch(^) 
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consists of all p-points. Note that for every f E A, (J-kW) C /(Ch(^)) 
holds. (Suppose that a G cr-Kif)- If a = 0, then ||/||oo(x) = 0, so that 
the inclusion holds. If a 7^ 0, then by a simple calculation we see that 
/~^(a) is a peak set for A, so that Ch(^) fl /~^(a) 7^ by Corollary 
2.4.6 in [1].) See [H [2] for theory of uniform algebras. 

The following is a version of a theorem of Bishop (cf. [H Theorem 
2.4.1]) and it is a generalization of Corollary 1 of [7]. 

Lemma 2.1. Let A be a uniform algebra on a compact Hausdorff space 
X. Let f E A and xq G Ch(^). // /(xq) 7^ 0, then there exists a 
u G P^{xq) such that a.„{fu) = {/(xq)}. 

Proof. It is enough to show that there is a n G P^{xo) such that 
(1//(xo))/m G Pa{xo). Put A = /(xo). Put Fo = {x G X : 
|/(x)-A| > |A|/2} and 

Fn=[xEX : ^<l/(x)-A|<^} (n=l,2,...). 

Then Fq, Fi, - ■ ■ , F„, ■ ■ ■ are closed subsets of X which do not contain 
Xq. Since xq is a p-point, there exists a sequence of peaking functions 
{fn}^o s^*^^ ^^^^ Vnixo) = 1 and \vn\ < 1/2 on F„ holds for every 
non- negative integer n. Let D be the closed unit disk {2; G C : \z\ < 1} 

and Q = {z e DlRez > 0}. Put 7t(z) = ^v^^^^z!. Then tt is a 

{z+i)/(tz + l)+t 

homeomorphism from D onto Cl such that 7r(l) = 1, 7r(— 1) = and tt 
is analytic on the open unit disk D onto the interior Q of Q. For every 
positive real number e there exists a positive real number 6s which 
satisfies that |vr(2)| < e holds for every z E D with 1^ + 1| < 5e. For 
every positive real number 6 there exists a Mobius transformation (ps 
from D onto D such that 0^(1) = 1 and \(f)s{z) + 1\ < 6 holds for every 
complex number z with \z\ < 1/2. Put uq = n o o "^o- 

For a positive integer n, put u„ = tt o ips-^/^^n+j) ° Vn- Note that vr o 0^ 
is approximated by analytic polynomials on D since it is continuous 
on D and analytic on D. Thus Un E A for every non- negative integer 
n. We also see that for every non-negative integer n Reu„ > on 
X since Vn{X) C D U {1}. By the definition of (f)^ we also see that 
|mo| < |A|/||/||oo(x) on Fq and < 1/(2" + 1) on Fn for every positive 
integer n. 
Now put 



The above series is majorized by the convergent series ^ so m is in 
A. Since Reu > on X, we see that u G exp^ C A^^. Moreover, u is 
easily seen to be a function in P^^^xq). 

Put g = {1/X)fu. Then this 5^ is a desired function. Choose an 
arbitrary x & X. If x G -Fq, then we have 



k=l 

1 „ „„ 1^ g 1 

|oo(X) k=l 

If X G -F„ for some positive integer n, then 

l9WI = ^l/WIKWl(^P+E^ 
<I^(I/W-A| + |A|)('M!^+Ei 

|A| V2" 7 V2"2" + 1 2"7 

If X G X \ U^Qi^„, then /(x) = A and so g{x) = u{x). Thus we 
have that g{X) C D U {1} and g{xo) = u(xo) = 1, so the proof is 
completed. □ 



3. MULTIPLICATIVELY NORM-PRESERVING MAPS BETWEEN 

INVERTIBLE GROUPS 

Multiplicatively norm-preserving maps on uniform algebras are re- 
cently studied by Lambert, Luttman and Tonev [7j. We show the 
following, which is a generalization of Theorem 1 in [7|. 

Theorem 3.1. Let A and B be uniform algebras on compact Hausdorff 
spaces X and Y respectively. Let T be a map from A~^ onto B~^. 
Suppose that 

\\TfTg\Uy) = \\fg\Ux) 

holds for every f,g E A^^. Then there exists a homeomorphism 
from Ch{B) onto Ch(^) such that \Tf{y)\ = |/(0(y))| holds for every 
f G A-^ and ye Ch{B). 



Note that T need not be injective. 
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Proof. Let y G Ch.{B) and put 
Ly = {x & X : |/(x)| = 1 for every 

feA~' with|T/(y)| = l = ||T/|U(y)}. 

We show that Ly ^ (/}. Let /i, ...,/„ G such that \Tfj{y)\ = 1 = 
||T/j||oo(y) for j = 1, 2, . . . , n. We show that 

n-=il/.|-'(i)^0- 

By ||riTl||oo(y) = ||l^||oo(x) = 1 we have that |T1| < 1 on Ch{B). 
We show that |T1| = 1 on Ch(i3). Suppose that |T1(?/)| < 1 for some 
y G Ch.{B). Then by Lemma [2.11 there exists an if G P^{y) such that 
||Tlif||oo(y) = Choose an h E A^^ with Th = H. Then we 

have that ||/i||oo(x) = 1 since ||/i^||oo(x) = ||i/^||oo(y) = 1 and || ■ ||oo(.) is 
a uniform norm. It follows that ||Tlif ||oo(y) = ||^||oo(x) = Ij which is a 
contradiction. Thus we see that |T1| = 1 on Ch(;B). Thus we see that 

||/||oo(X) = ||l/||oo(X) = ||TlT/|U(y) = ||r/|U(y) 

holds for every / G A-\ Put F = Ylj=iTfj. Then \F{y)\ = 1 = 
ll-^lloo(y)- Since T is a surjection we can choose / G A^^ such that 
Tf = F. Then there exists G X with 

|/(a:o)| = ||/||oo(x) = ||F||oo(y) = l 

since ||/||oo(x) = \\Tf\\oo{Y) = ll^lloo(y) = 1- Since Tf = nj=i^/j and 
||r/,||oo(y) = 1 = ||T/||oo(y), we have \Tf\-\l) C \Tf)\-\l), so 

|/r^(l)nCh(^)c|/,r^(l). 
(Suppose that there exists Xi G Ch(^) such that |/(a;i)| = 1 and 
\fj{xi)\ 7^ 1. Then \fj{xi)\ < 1 for ||/j||oo(x) = 1- Then there exists 
a M G P^{xi) such that \ufj\ < 1 on X, so that 1 > ||m/j||oo(x) = 
||TMr/j||oo(y). On the other hand, since 1 = ||m/||oo(X) = \\TuT f\\^(^Y), 
there exists a ?/i G F such that \Tu{yi)T f {yi) \ = 1, so that 

\Tu{y^)\ = l = \Tf{y,)\ 

holds since ||Tu||oo(y) = ||^^||oo(X) and ||T/||oo(y) = 1- Since |T/|"^(1) C 
\Tfj\-^{l) we see that \Tu{yi)Tfj{yi)\ = 1, so \\TuT fj\\^(^Y) = 1, which 
is a contradiction.) Thus we see that 

n-=il/,r^(i)D(|/r^(i))nChM). 

Note that n Ch(^) 7^ 0. (Since ||/||oo(x) = 1, there is an a; G 

Ch(^)with|/(x)| = I. Then/-i(/(x)) isapeaksetsince (l+70r)/)/2 
peaks on /^^(/(x)). Then 

Ch{A) n f-\f{x)) c Ch(^) n \f\-\i).) 
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Then n"^^|/j| ^(1) 7^ 0. By the finite intersection property we see that 

Next we show that Ly is a singleton and the unique element in Ly is 
an element in Ch(^). Let X2 € Ly and / e such that |T/(|/)| = 
1 = 1 1 T/ 1 1 00 (y)- Then we have |/(a;2)| = 1 by the definition of Ly. Put 
/ = (/(X2)/ + l)/2. Then / is a peak function such that /(X2) = 1. 
We see that /-^(l) C \f\-\l), so 

X2 e nff-\i) C Ly. 

Since nff^^{l) is a p-set, there is an 

xoE (nfr\i))nCHA). 

We show that Ly = {xo}. Suppose that x^ E Ly\ {xq}. Then there 
exists a M G Pj^{xo) such that [^(xa)! < 1. Since ||TM||oo(y) = 1 we see 
that \Tu{y)\ < 1 by the definition of Ly. (Suppose that \Tu{y)\ = 1. 
Then |m| = 1 on Ly, which is a contradiction. So \Tu{y)\ 7^ 1, and 
since ||TM||oo(y) = 1, we have that \Tu{y)\ < 1.) Then there exists a 
F' G P^iy) such that ||F'Tu||oo(y) < 1- Since T is a surjection, there 
is an /' G A^^ such that T f = F'. Then we have that 

1 > ||T/'TM||oo(y) = ||/'m||oo{x)- 

Since 

Tf'iy) = F\y) = 1 = = ||r/'|U(y), 

we have |/'| = 1 on Ly, so we see that |/'(xo)u(a;o)| = 1, so ||/'m||oo(x) = 
1, which is a contradiction. We see that Ly = {xq} and xq G Ch(^). 

Put a function from Ch.{B) into Ch(^) by (f){y) = Xq, the unique 
element in Ly. We show that \Tf{y)\ = \f{(p{y))\ holds for every 
/ G A"^ and y G Ch{B). For the case where / G A~^ satisfies that 
\Tf{y)\ = 1 = l|T/|U(y), we see that \Tf{y)\ = \f{<P{y))\ holds for 
every y G Ch(i3) by the definition of 0. Let / be an arbitrary function 
in A^^. Since f{(p{y)) 7^ 0, there exists an h E P^{(f){y)) such that 
Cwifh) = {/(0(y))} by Lemma I^TTl so we see that 

\f{<P{y))\ = ||//i||oo(x) = \\TfTh\UY) > \Tf{y)Th{y)\. 
We see that \Th{y)\ = 1. (Suppose not. Then \Th{y)\ < 1 since 
II^IIcxd(x) = ||^^||oo{y) = 1- Then there is an H' G Psiy) such that 
\\ThH'\\^(^Y) < 1- Choose an /i' G A'^withTh' = H'. Then \h'{(l){y)) \ = 
1 by the definition of Ly. We see that 

WThH'W^^Y) = Whh'W^^x) > \h{<P{y))h'{<p{y))\ = 1, 

which is a contradiction.) It follows that \f{(p{y))\ > \Tf{y)\. On the 
other hand there exists an H" G P^{y) such that a^{TfH") = {T/ (?/)}. 
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Choose an h" E A'^ with Th" = H". Since Th"{y) = 1 = ||r/i"||, we 
have = 1 by the definition of Ly. Thus 

(3.1) \Tf{y)\ = \\TfH"\\^^y) = \\fh"\Ux) 

>\my))h"{<l>{y))\ = \my))\- 

It follows that|T/(|/)| = |/(0(|/))|. 

Next we show that is continuous. Let y G Ch(i3). Suppose that 
{ya} is a net in Ch(i3) which converges to y. Let / G A^^. Since 
r/(2/«) ^ T/(|/), and \Tf{y^)\ = and \Tf{y)\ = \f{<P{y))\, 

we see that \f{4>{ya)\ — ^ By the Alexandroff theorem the 

original topology on X coincides with the weak topology on X which 
is induced by the family {|/| : / G A~^}. It follows that (f>{ya) 4>{y)- 
We see that is a continuous map from Ch(;B) into Ch.(A). 

We show that is a homeomorphism. For that purpose we show that 
there exists a continuous function i/j from Ch(w4) into Ch.{B) such that 
(poip and iljo(f) are identity functions on Ch(w4) and Ch(i5) respectively. 
Although we need some consideration since T needs not be injective, a 
proof of the existence of t/j is similar to that of 0. Let x G Ch(^). Put 

Kx = {y ■ \Tf{y)\ = 1 for every 

/GA-^with |/(x)| = l = ||/||oo(X)}. 

Suppose that /i,...,/n e A~^ with \fj{x)\ = 1 = ||/j||oo(x) for every 
j = l,...,n. We show that r\]^^\Tfj\-\l) ^ 0. It will follow that 
Kx 7^ by the finite intersection property. Put / = 11^=1 /?• Since 
\fji^)\ = 1 = \\fj\\oc{x) we have that \f{x)\ = 1 = ||/||oo(x)- Put 
Tf = F. Since |T1| = 1 on Ch(S), we see that 

ll-P'lloo(y) — ||-^||oo(Ch(S)) = ||-^7'l||oo(Ch(B)) 

= ||-^7'l||oo(y) = ll/l|oo(X) = 1 

Thus there exists a yo e Ch{B) with |F(yo)| = 1- Since C 
we have that 

Ch(B)n|F|-^(i)c|r/,-r^(i). 

(Suppose not. There exists yi G Ch(B) with 

\F{y^)\ = l>\Tf,{y^)\ 
since [[^/^[[(^.(y) = 1- Then there exists an 

H e Pl(y,) 
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with \\TfjH\\^^Y) < 1- Since \FH{yi)\ = 1, we have ||Fif||oo(y) — 1. 
Choose an h e A"'^ with Th = H. Then 

||/i^||oo(X) = \\TfjTh\\oo(Y) = \\TfjH\\ao(Y) < 1- 

On the other hand, we have 1 = ||Fii/'||oo(y) = ||//i||oo(x)- Since 
\f\~\l) C \fj\'\l), we have that||/j/i||oo(x) = IIAIUw = 1, which is 
a contradiction.) Thus we have that 

Ch(^)n|Fricn^=i|T/,|-'(i). 

It follows that n]^^\Tfj\-^{l) ^ since Ch{B) f] \F\~\l) ^ 0. (There 

exists a 1/2 e F with \F{y2)\ = 1 since = 1. Then {Fi^F + l)/2 
is a peak function which peaks on F~^{F{y2)). Thus we have that 

y2 e Ch(5) n F~\F{y2)) c Ch(S) n 1^1-1(1).) 

Next we show that is a singleton. Suppose that yi G K^. Then 
\Tf{y,)\ = 1 for every / e A'' with = 1 = ||/||oo(x). For an 

/ e A"-^ with 

|/(x)|=l = ||/||oo(X), 

put 

F = (r7(^r/ + i)/2. 

Then F is a peak function such that F{yi) — 1 since [[^/[[^^(y) = 1- 
Thus yi e nF~\l) C K^, where n takes for all F = (T/(yi)T/ + l)/2 
for / e A~^ with = 1 = ||/||oo(x)- Since nF"^(l) is ap-set, there 

exists an yo £ (^^^~^{^)^ Ch{B). We show that {yo} = K^. Suppose 

that ^3 G i^'x \{?/o}- Then there exists an G Psiuo) with |if(|/3)| < 1. 
Choose an h E A^^ with T/i = H. Then ||/i||oo(x) = ||-^||oo(y) = 1- 
Suppose that \h{x)\ = 1. Then \H\ = 1 on by the definition of 
Kx, which contradicts to \H(ys)\ < 1. Thus we have that \h{x)\ ^ 1, 
so \h{x)\ < 1 since ||/i||oo(x) = ll-f^lloo(y) ~ 1- Thus there exists an 
/ G P^{x) with WfhWooix) < 1, so ||T/if|U(y) = H/Z'^llooW < 1. On 
the other hand we have that \Tf{yo)\ = 1 since |T/| = 1 on by 
the definition of K^. Thus we have that \\TfH\\oo{Y) = 1, which is a 
contradiction proving that = {yo}- 

Put a function from Ch(^) into Ch(i3) by iIj{x) = yo, the unique 
element of K^. Then by the definition of K^, we have that \Tf{ilj{x))\ = 
\f{x)\ for every / G A^^ with |/(a;)| = 1 = ||/||oo(x)- We show that 
\Tf{iP{x))\ = \f{x)\ holds for every / G A-\ Let / G A'^ Then there 
exists an /i G PJ^{x) with aT^{fh) — {/(x)}. Thus we see that 

|/(x)| = llAllooW = ||T/T/i|U(y) > \Tf{i;{x))Th{i;{x))\. 
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Since \Th{ilj{x))\ = 1 by the definition of Kr^, we see tliat \Tf{ilj{x))\ < 
On tlie otlier liand, tliere exists an H' G Pg(^/'(x)) witli 

a^{TfH') = {Tfiijix))}. 

Clioose a function h' G A^^ witli Th' = H' . Tlien 

ll^'lloo(x) = ||-f^'||cxD{y) = 1- 

We also see that = 1. (Suppose not. Then < 1. Tlien 

there exists an h" G P^{x) with || || < 1. We also have that 

||/i'/i"|U(x) = ||f^W|U(y) > \H\i,{x))\\Th\i^{x))\. 

By the definition of K^., we have that \Th" {il){x))\ = 1 since h"{x) = 
1 = \\h"\\oo(x)- Since H' G P^{ij{x)), we have that \H'{ip{x))\ = 1, so 
||^'^"||oo(x) > 1; which is a contradiction. ) Thus we have that 

|T/(^(X))| = ||T/iJ'|U(y) = ||//l'||oo(X) > \f{x)h'{x)\ = \f{x)l 

SO that |T/(^(x))| = |/(x)|. 

We show that ip is continuous. Suppose that x G Ch(^) and {xa} is 
a net which converges to x. Then for every / G A^^ we have that 

\Tf{ij{x^))\ = - = |T/(x„)|. 

Since T is a surjection, we see that \F{tl:{xa))\ 1-^(3^)1 holds for 
every F G B~^. By the Alexandroff theorem the original topology on 
Y and the weak topology on Y induced by the family {\F\ : F G B~^} 
coincides. So we see that ip{xa) — > ip{x). Thus we see that ip is 
continuous on Ch(^). 

By the first part of the proof we have that \Tf{y) \ = \f{4>{y)) \ holds 
for every / G A~^ and y G Ch(i3), so we see that 

\Tm\ = \my))\ = \Tfmiym 

hold for every / G A-\ Since T{A-^) = B'^ and {|F| : F G B'^} 
separates the points of Y , we see that'?/' o = y holds for every 
y G Ch{B). Since 

|/(x)| = |T/(^(x))| = |/(0(^(x)))| 

hold for every x G Ch(^), in a way similar, we also see that (f) o 
iplx) = X holds for every x G Ch(^). It follows that (p and ip are 
bijections and (f)~^ = ip. Since (p and tp are continuous, we see that (p 
is a homeomorphism from Ch(i3) onto Ch(^). □ 

Note that under the hypotheses of Theorem 13.11 the map T need not 
be extended to a linear map from A into B. On the other hand we show 
that two unital commutative C*-algebras are algebraically isomorphic 
to each other if there exists a surjective group homomorphisms which 

11 



preserves the norm (cf. Corollary 13.41) . The results compares with the 
following example which is presented in [TH Remark 1.7.8.]. 



Example 3.2. [14] Let Xi = [0, 1] U {2} and X2 = [-1, -|] U [i, 1]. 
Suppose that T is a group isomorphism from C{Xi)^^ onto C{X2)^^ 
such that 



Tf{y) 



f/(2/ + i), ye[-i,- 
\fi2)fiy), ye ill]. 



morphism from A ^ onto B ^ which satisfies that inf „,„ > 

II / II r" ^ ^ ^ 



Then T is a homeomorphism with respect to the relative topologies on 
C{Xi)~^ and C{X2)~^ which are induced by the supremum norms on 
C{Xi) and C{X2) respectively. On the other hand C{Xi) is not alge- 
braically isomorphic to C{X2) since Xi and X2 is not homeomorphic. 

In this example sup ^^1!'}°°'^^^^ = 00 and inf ^if/i^""*-^^^ =0. In Corol- 

ll/lloo(Xi) ll/lloo(Xi) 

lary 13.41 we show that if a group homomorphism from C{X)"^ onto 
C(Y)~^ for compact Hausdorff spaces X and Y satisfies that sup ..r., < 

11/ II oo(Xi ) 

00 and inf h,,, > 0, then C(X) is algebraically isomorphic to 

ll/lloo(X;^) 

C{Y). Note that such a T may not be extended an algebra isomor- 
phism (cf. Example 13. 6p . 

Corollary 3.3. Let A and B be uniform algebras on compact Haus- 
dorff spaces X and Y respectively. Suppose that T is a group homo- 

lloo{Xj_) 

and sup < oo Then there is a homeomorphism (f) from ChiB) 

11/ II QG^X-^ ) 

onto Ch(^) such that an equality |T/(?/)| = |/(0(y))| holds for every 
f e A~^ and ye Ch{B). 

Proof. First we show that ||T/||oo(y) = ||/||oo(x) holds for every f E A. 
Suppose not. If ||T/i||oo(y) > ||/i||oo(x) for some /i G A~^, then we have 
that lim„_^oo nri^ir^^^ = oo for T is multiplicative. If ||T/2||oo(y) < 

ll/l lloo(X) 

IITf^ll 

||/2||oo(x) for some /2 G A , then we have that lim„_^oo ufnu = 0. 

11/2 lloo{X) 

In any case we have a contradiction. Thus we see that ||T/||oo(y) = 
||/||oo(x) for every / G A^^. Since T preserves multiplication we see 
that 

\\TfTg\\^iY) = \\fg\Ux) 

holds for every pair / and g in A. Then by Theorem 13.11 we see that 

the conclusion holds. □ 
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Corollary 3.4. Suppose that X and Y are compact Hausdorff spaces 
and T : C{X)^^ C(Y)^^ is a surjective group homomorphism. If 



sup ||,|| < oo and inf > 0, then C(X) is isometricallu and 

^ llfll-o(x) ll/lloo{x) ' V / y 



algebraically isomorphic to C(F). 

Proof. By Proposition l3.3l there is a homeomorphism from X onto Y, so 
that C{X) is isometrically and algebraically isomorphic to C(Y). □ 

Note that a norm preserving group homomorphism from C{X)^^ 
onto C{Y)^^ need not be injective. 

Example 3.5. Let X be the closed unit interval of the real numbers. 
Put T : C(X)-i ^ C(X)-i be defined as T(/) = /V|/| for each 
/ G C{X)~^. Then T is a norm-preserving group homomorphism. For 
any F G C{X)-\ choose / G C{X)-^ with = Such an / 

exists since C{X)~^ is closed under the square-root-operation (cf. [3|), 
that is, for every h G C{X)~^ there exists g G C(X)~^ with g"^ = h. 
Then T/ = F, so we see that T is a surjection onto C{X)^^. Since 
T(/) = T(— /), T is not injective. 

Note also that the map T in Corollary 13.41 need not be extended to 
an algebra isomorphism from C{X) onto C{Y) even if T is injective. 
An example is as follows. 

Example 3.6. Let C{X) be the usual Banach algebra of complex- 
valued continuous functions on a compact Hausdorff space X and A 
the direct sum C{X) © C{X). Note that A is isometrically isomorphic 
to C{Xi UX2), where Xi and X2 are two copies of X. Let T be a map 
from A~^ into itself defined by 

Ifg] \f^9\ 

Then T is a norm preserving group automorphism on A^^ while T is 
not extended to a linear map on A. 

Proof. Clearly T is a norm preserving group endomorphism on y4~^. We 
only show that T is a bijection. Let hi © /i2 be an arbitrary function 
in A~\ Put / = {hl\h2\)/{h2\hi\) and g = {hl\hi\^) / {hl\h2\) . Then by 
a simple calculation that T{f (B g) = hi® h2 and this / © (7 is the only 
a function with T(/ ® g) = hi ® h2. □ 

Even if a group isomorphism between the invertible groups of uniform 
algebras preserve the norm, it can be discontinuous. 

Example 3.7. Let Cir([0, 1]) denote the real Banach space of all real- 
valued continuous functions on the closed unit interval [0, 1] and {maIasa 
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a basis for C]8([0, 1]) as a real linear space such that 1 G {^aIasA and 
||ma||oo([o,i]) = 1 for every A G A. Suppose that and are 

disjoint countable subsets of {maIasa = 1. Without loss of 

generality we may assume that Un{[0, 1]) = [0, 1] and w„([0, 1]) = [0, 1] 
for every positive integer n. Let R be the linear isomorphism from 
Cm([0, 1]) onto itself such that 



By a simple calculation we have that R is not a bounded as linear 
transformation on the Banach space C]r([0, 1]) and 2R — / is a linear 
isomorphism from Cr([0, 1]) onto itself, where I is the identity operator. 
Put T : expC([0, 1]) ^ expC([0, 1]) defined by 

T(exp /) = exp(/ - 22i?(Im/)), exp / G exp C([0, 1]), 

where Imf denotes the imaginary part of /. Since R{ui) = ui and 
since expC([0, 1]) = (C([0, l]))-^ by [2, Corollary III.7.4], it is easy to 
see that T is well-defined and is a group isomorphism form (C([0, 
onto itself such that ||T5(||oo([o,i]) = ||5'||oo([o,i]) for every 51 G (C([0,1]))"^ 
Put fn = -^Un for every positive integer n. Then || exp /„-l||oo([o,i]) 
as n ^ 00. On the other hand we have that T(exp /„) = exp((^ — 

2^/n)iUn), so that T(exp /„) 7^ 1 = Tl since m„([0, 1]) = [0, 1] for every 
n; T is not continuous. Put = — 3^m„. We see in a way similar to 
the above that ||exp(7„ — l||oo([o,i]) and T~^(exp5f„) -/^ 1 = Tl; 
is not continuous. 

4. MULTIPLICATIVELY SPECTRUM-PRESERVING MAPS BETWEEN 



The following corollary is a version of a theorem of Luttman and 
Tonev [8]. Another slight generalization of the theorem of Luttman 
and Tonev is given in the last section (cf. 17. 3p . 

Corollary 4.1. Let A and B he uniform algebras on compact Hausdorff 
spaces X and Y respectively and T a map from onto such that 
the inclusion 



holds for every pair f,g G A ^. Then (Tl)^ = 1 and there exists a 
homeomorphism (f) from Ch.{B) onto Ch(^) such that the equality 




INVERTIBLE GROUPS 



(^n{TfTg) C cr^ifg) 



Tf{y)=Tl{y)f{<p{y)), y e Ch{B) 
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holds for every f G A^^. Thus T/Tl is extended to an isometrical 
algebra isomorphism from A onto B. In particular, T is extended to 
an isometrical algebra isomorphisms from A onto B if Tl = 1. 

Proof. First we consider the case where Tl = 1. For every pair / and g 
in A~^ the equahty \\TfTg\\^(j) = \\fg\\oo{x) holds since a^{TfTg) C 
a^^i^fg). Then by Theorem 13.11 there exists a homeomorphism from 
Ch(i3) onto Ch(^) such that the equahty \Tf{y) \ = holds for 

every y G Ch(^) and / G A~^. 

Let y G Ch(i3) and u G Pll{(f>{y). Since we have assumed that 
Tl = 1, we see that 

a^{Tu) = cr^(TMTl) C aT,{u ■ 1) = {1}, 

that is, Tu G and aj^iTu) = {1}. On the other hand since \Tu{y) \ = 
\u{(j){y))\ = 1, we see that Tu{y) = 1 and so Tu G P^{y)- Thus we 
conclude that 

nPMv))) c P'siy)- 

Let / G A^'^ and y G Ch.{B). Then by Lemma 12.11 there exists 
a M G Pj({(t>{y)) such that aT,{fu) = {/(</>(?/))}• Then we have that 
aT,{TfTu) = {f{(f){y))}. Thus we see that 

\f{<P{y)\ = \\TfTu\UY) > \Tf{y)Tu{y)\ = \Tf{y)\ = \f{<P{y))\ 

hold since Tu G P^{y), so \\TfTu\\oo(Y) = \Tf{y)\- It follows that 
Tf{y) = f{<P{y)) since a^{TfTu) = {f{<P{y))}. 

We consider the general case and prove that (Tl)^ = 1. First we have 
that ||Tl||oo(y) = 1 since (T^(TITI) C cr^(l) = {1} and || (Tl)2||oo(y) = 
||Tl||oo(y)- Suppose that there exists a y G Ch(;B) with {Tl{y))^ ^ 1. 
Then we see that |(Tl(y)| < 1 since cr^((Tl)^) C {1}. Then by Lemma 
ED there exists a f/ G Pl{y) such that ||Tl[/||oo(y) < 1- Since TA~^ = 
B~^, there exists a u G A^^ with Tu = U. Then (T^(T1?7) = {1} 
since a-„{TlU) C cr^(Ml) = {1} and a-,t{TlU) ^ 0. This contradicts to 
||Tlf/||oo(y) < 1. We conclude that {Tl{y))'^ = 1 for every y G Ch{B), 
and so (Tl)^ = 1 for Ch.{B) is a boundary for B. Put T = T /Tl. Then 
T is a well-defined map from A~^ into B~^ . By a simple calculation 
we see that T{A~^) = B^^. We see that Tl = 1 by the definition of T 
and that 

(^iriTffg) C a^{fg) 

holds for every pair / and g in A~^ since (Tl)^ = 1, . Then by the first 
part of the proof there exists a homeomorphism from Ch(;B) onto 
Ch(^) such that 
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holds for every f E A ^. Thus we see that 

Tf{y)=Tl{y)f{<p{y)), y G Ch(i3) 

holds for every / G A^^. Since Ch{B) is a boundary for B, the restric- 
tion map R : B B\Ch{B) is a bijective isometrical algebra isomor- 
phism. Put T^: A-^ B\Ch{B) by TJ{y) = f{(j){y) for f e A. Then 
Tg is well-defined and it is easy to see that R^^ o Tg is an isometrical 
algebra isomorphism from A onto B which is an extension of T. □ 

Corollary 4.2. Let A and B he uniform algebras and T a group ho- 
momorphism from A~^ onto B~^ which satisfies that 

a^iTf) C a^U) 

holds for every f G A^^ . Then T is extended to an isometrical algebra 
isomorphism from A onto B. 

Proof. We see that Tl = 1 since T is a surjective group homomorphism. 
We also see that aT,{TfTg) C cr-Trifg) holds for every pair / and g in 
A^^ since TfTg = Tfg. The conclusion follows from Corollary 14. 1[ 

□ 

Corollary 4.3. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that T 
is a surjective group homomorphism from onto B~^ such that 

^(Tf) = a{f) 

holds for every f G A^^. Then T is extended to an algebra isomorphism 
from A onto B. In particular, B is semisimple. 

Proof. Since 

Tg 9 9 

hold for every pair / and g in A'^, we see that T is injective. 

First we consider the case where B is semisimple. Recall that we 
denote the uniform closure of the Gelfand transform of A in C{Ma) 
(resp. B in C{Mb)) by clA (resp. cl-B). We may consider that A C cM 
(resp. B C c\B) since A (resp. B) is semisimple. Note that the maxi- 
mal ideal space M^a (resp. Mcw) is homeomorphic to Ma (resp. Mb). 
In fact, the correspondence between complex homomorphisms on clA 
(resp. cl-B) and its restrictions on A (resp. B) gives a homeomorphism 
between Mc\a and Ma (resp. Mcw and Mb). Thus the spectrum of 
/ G cM (resp. / G c\B) is coincide with f{MA) (resp. f{MB)); we 
denote the spectrum with respect to c\A (resp. c\B) also by cr(/). 

We extend T to a group homomorphism from {clA)~^ onto (cl-B)~^ 
such that cr(Tf) = a{f) holds for every / G (clA)^^. Suppose that / G 
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{c\A)~^. Then there is a sequence {/„} in A such that ||/n — /||oo(Ma) ~^ 
as n ^ oo. We may assume that {/„} C A~^. Since |/| > on 
M4, wc may assume without loss of generahty that there is a positive 
number M such that ^ < < M on Ma- So |^-1| < M|/™-/„| on 
Ma. Since T is a group homomorphism with the assumption concerning 
the spectrum we see that 

^ Jm Jm Jm 

so that |||^ - l||oo(Mi5) = - 1||oo(Ma)- It follows that 

Tfn 

\\T fn - T fm\\oo{MB) < II^TTT 1 ||oo{Ms) ||7'/m||oo(MB) 

Jm 

< M^||/„ - /m||oo(MA) 

since ||T/„||oo(Ms) = \\fm\\oc(MA)- Therefore {T/„} is a Cauchy se- 
quence with respect to the supremum norm and the uniform limit F 
is in c\B. Since a{Tfn) = cr{fn) and < < M holds on Ma for 
every n, we see that < \Tfn\ < M holds on Mb for every n, so 
l-^l > ig on Ms. Thus we see that F e (clS)"^ since Mcw = Mb- By 
a routine calculation the function F is independent of the choice of the 
sequence {/„}. Put Tf = F. Then T is a function from (cM)~^ into 
(cl5)-i and f = T on A-\ 

We show that T is a surjection. Let F e (clB)^^. Then there is 
a sequence {Fa} in which uniformly converges to F. In the way 
similar to the above, we see that {T^^F„} is a Cauchy sequence in 
A~^ and converges uniformly to a function / e {dA)~^. Then by the 
definition of T we see that Tf = F. 

We show that o-{Tf) = a{f) holds for every / G (cM)~^. Suppose 
that / e (cM)~^. Then there exists a sequence {/„} in A~^ such that 
Wfn — /IIoo(Ma) — > as n — > oo. Then by the definition of T we see that 
\\Tfn — Tf\\oQ{MB) — ^ as n — i> oo. Suppose that A e cr(/). Then there 
is an a; G Ma with A = f{x). Put A„ = fn{x), so A„ ^ A as n ^ oo. 
On the other hand, for each positive integer n, there is Un G Mb such 
that A„ = Tfn{yn) since (j(/n) = a{Tfn) for every n. Thus we have 

|A-f/(yJ| < |A-A„| + ||T/„-f/|U(Af,) ^0 

as n — > oo. Thus we have that A G a(Tf), so that <j(f) C a(Tf). The 

reverse inclusion is proven in the same way; we see that o'(/) = a{Tf). 

We show that T is a group homomorphism. Let f,gE {clA)~^. Then 

there are sequences {/n} and {gn} in A~^ such that ||/n — /||oo(Ma) ~^ 
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and ||fi'„-fi'||oo{Ms) Oasn ^ oo. So ||/nfi'n-/5'l|oo(AfA) ^ Oasn ^ oo. 
Then we see that 

\\Tfn-Tf\\oo{MB) - 

and so 

\\TfnTgn 

as n —>■ oo. We also have that 

as n — >■ oo since Wfrndn — fg\\oo{MA) — * as n ^ oo. It follows that 
Tffg = f{fg) since T{fngn) = Tf^Tg^. 

Since a(T/) = holds for every / G (cM)-i, a^(r/) = 
holds for every / G (cM))^^. Thus applying Corollary 14. 21 we see that T 
is extended to an algebra isomorphism from c\A onto cli?. By a simple 
calculation we see that the restriction of the extended isomorphism to 
A is an algebra isomorphism from A onto B. 

Finally we consider the general case. Let Tb denote the Gelfand 
transform of B. Then by a simple calculation we see that o T is 
a group homomorphism from A~^ onto {T b{B))^^ , since T b{B^^) = 
(Fs(i?))~^. Then by the first part of the proof, we see that F^ o T 
is extended to an algebra isomorphism from A onto TBiB). Then 
we see that F^ is injection from B~^ onto (Tb{B))~^. (Suppose that 
5'i)fl'2 £ with TB{gi) = Fb((72). Since T is surjection from A~^ 
onto B"^, there are /i,/2 G A^^ with T/i = gi and T/2 = (72. Then 
we have 

Tb o T(/i) = TBigi) = Fb((?2) = o Tih). 

Since F^ o T is an injection we see that /i = /2, thus = (72, that is, 
F^ is injective on B~^. It follows by a simple calculation that F^ is an 
injection on B. Thus B is semisimple, and T is extended to an algebra 
isomorphism from A onto B applying the first part of the proof. □ 

5. Non-symmetric multiplicatively norm-preserving maps 
between invertible groups 

Under the hypotheses in Theorem 13. the map T appearing in The- 
orem [n]T] need not be linear nor multiplicative. For example, let A be 
a uniform algebra on X and put a map e from A into {—1,1}. Then 
the map T : A ^ A defined by Tf = e{f)f, f & A satisfies that the 
equality ||T/T5(||oo(x) = ||/fl'||oo(x) holds for every pair / and in ^ 
and T can be surjective which is not linear nor multiplicative according 
to the choice of e. 
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0, \\Tgn-Tg\\oo{MB] ^0 
- TfTgW^^MB) 



In this section we consider non-symmetric multiplicatively norm- 
preserving maps between invertible groups. Let A and B be unital 
commutative Banach algebras and T a map from into B~^. We say 
that T is non-symmetric multiphcatively (spectral) norm-preserving if 
there exists a nonzero complex number a such that 

\\TfTg - a||oo(Ms) = \\fg - a||oo(AfA) 

holds for every pair / and g in A, where M4 (resp. Mb) denotes the 
maximal ideal space of A (resp. B). Multiplicatively norm-preserving 
map corresponds to the case where a = 0, Although multiplicatively 
norm-preserving maps need not be extended to linear nor multiplicative 
maps, we show that non-symmetric ones are extended to real-linear and 
multiplicative maps if Tl = 1 and T is surjective. 

In the following, from Lemma 15.11 to Lemma 15. IH A and B are 
uniform algebras on compact Hausdorff spaces X and Y respectively 
and T is a map from A^^ onto B^^ such that 

\\TfTg - l||oo(y) = Wfg - M\oo{x) 
holds for every f,gE A^^. 

Lemma 5.1. T is an injection. The equality ||T/T(7||oo(y) = ||/5'||oo(x) 
holds for every f,g & A~^. 

Proof. First we show that T is an injection. Suppose that Tf = Tg. 
Then we have that 

= \\gg~^\\oo{x) = WTgTg^'^ - l||oo(y) 

= \\TfTg~'-l\\^^Y) = \\fg-'-l\Ux). 

Thus we see that fg~^ = 1, so f = g. 

Next we show that ||T/r5(||oo(y) = ||/5'||oo(x) holds for every f,g e 
A~^. Since 

||nn — i||oo(y) = — i||oo(x) = 0, 

we see that (Tl)^ = 1. Put T = j^. Then by a simple calculation we 
see that T is a map from A~^ onto B~^ and the equality 

\\Tffg - l\\oo{y) = Wfg - l||oo(X) 

holds for every f,gE A"^ since (Tl)^ = 1. We show that the equality 

||^/^^||oo(y) = \\fg\\oo(X) 

holds for every f,g E A'^. It will follow that J|r/T5(||oo(y) = ||/5'||oo(x) 
for every f,g E A^^ since (Tl)^ = 1. Since Tl = 1, we have for every 
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positive integer n that 

\\Tn - l||oo(y) = \\Tn 1 - l||oo(y) = \\n ■ I - l||oo(x) =n-l. 
So we have that 

n — 2 < ||T?2||oo(y) < n. 
Let / G A~^. Then we have that (Tf)^^ = T{f~^) since 

\\fff{f-') - = 11//-! - = 0. 

Put Kn = f{nf)f{f~^). We see that 
\\Kn - l||oo(y) = \\nnf)f{r') - 

= - l||oo(X) = ^ - 1, 

SO we have that ||-ft'n||oo(y) < For every g G ^^""^j we have that 

\n\\fg\\oo{x) - l| < \\nfg - l||oo(x) 

= ll^^('^/)^^fi' - l||oo(y) < ||i^„||oo(y)||T/r5'l|oo(y) + 1- 

It follows that 

||/^7||oo(x) - - < ll^"ll°°(^) ||f/f^|| + i < WfffgW^^y) + 

n n n n 

and letting n ^ oo, we have that the inequality ||/5'||oo(x) < ||^'/^'fi'||oo(y) 
holds for every f,g & A~^. T is injective since T is. Applying the sim- 
ilar argument to (T)"^ instead of T, we have that 

\\FG\\^^Y) < \\if)-'F{f)-'G\\^(^x) 

holds for every F,G E . It follows that the equality ||/5'||oo(x) = 
||T/T(yf||oo(y) holds for every f,g E A^^. Since (Tl)^ = 1 we conclude 
that the equality \\TfTg\\oo{Y) = ||/5'l|oo(x) holds for every f,g e A~^. 

□ 

By Theorem 13.11 we see that there exists a homeomorphism (f) from 
Ch{B) onto Ch(^) such that 

\Tf{y)\ = \f{<f>{y))l yeCHB) 

holds for every f E A. In the following up to Lemma 15.111 denotes 
this homeomorphism. Moreover we see that the following. 

Lemma 5.2. |rA| = |A| on Ch{B) and \T-'^\\ = |A| on Ch{A) for 
every complex number A. 
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Lemma 5.3. Suppose that Tl = 1. For every complex number A with 
|A| = 1 and A 7^ 1, —1, we have that 

(T-i(A))(ChM)) C A1UA2, 

where Ai (resp. A2) is the closed arc on the closed unit circle with the 
end points A and — A (resp. A and —X) which does not contain the real 
number. 

Proof. Note that is well-defined since T is an injection by Lemma 
15. 1[ Then we have 

(5.1) ||T~"^A — l||oo(x) = ||A — l||oo(y) = |A — 1|. 
Since 

||T(-1)T(-1) - = Wi-l)' - = 0, 

we have that (T(— 1))^ = L Since T is injective by Lemma 15.1^ 
r(-l) 1, so there exists y e Ch{B) such that (T(-l))(?/) = -1. 
We have that 

(5.2) ||r-iA + l|U(x) = II -T-iA-l|U(x) = ||T(-l)A-l|U(y). 
Suppose that ReA > 0. We see that 

||r(-l)A-l|U(y) = |A + 1| 

since (T(— 1))^ = 1 and T{—1) takes the value —1. Thus we have by 
the equation (15. 2p that ||T~^A + l||oo(x) = |A + 1| if ReA > 0. Recall 
that ||T~^A — l||oo(x) = 1^ ~ 1| by the equation (15. ip and |T^^A| = |A| 
on ai(^) by Lemma [El It follows that (r-iA)(Ch(^)) C {A, A} if 
ReA > 0. Suppose that ReA < 0. Then ||T(— 1)A — l||oo(y) < 1-^ ~ 1| 
since (T(— 1))^ = L Thus by the equations (15. ip and (15. 2p we see that 

(T-i(A))(Ch(^)) C A1UA2. 

In any case we have the conclusion. □ 

Lemma 5.4. Suppose that Tl = 1. Then T{P^{(j){y))) = P^{y) holds 
for every y G Ch.{B). 

Proof. Suppose that u G Pj^{(f>{y)). Then by Lemma [STTl we see that 

||rw||oo(y) = ||m||oo(x) = 1 

since Tl = 1. First we show that cr^(Tu) = {1}. Suppose that a G 
cr„{Tu) We have that 

\\Tu - l||oo(y) = \\u - l||oo(x) < 2 
since Tl = 1 and cTttIu) = {1}, so a ^ —1. Thus 

\\T~^{-a)u - l||oo(x) = \\T''^i~^)u - l||oo(ch(y4)) < 2 
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by Lemma [531 On the other hand, || — aTu — l||oo(y) = 2 since a E 
a.^{Tu), which is a contradiction since 

II - aTu - l||oo{y) = \\T~^{-o^)u - l||oo(x)- 

We have that a.,t{Tu) = {1} since a-^{Tu) is not empty. By Theorem 
13.11 and Lemma 15.11 we have that 

\Tu{y)\ = \u{m)\ = ^. 

so that Tu{y) = 1 since aT,{Tu) = {1}. We have proved that Tu G 
P^{y) for every u G P^{(f){y)). Since T is injection by Lemma \5.1\ we 
have in a way similar to the above that T~^[P^{y)) C Pj({(f){y)). Then 
the conclusion holds. □ 

Lemma 5.5. Suppose that Tl = 1. Then T(— 1) = —1. 

Proof. Since 

||T(-1)T(-1) - l|U(y) = ll(-l)' - llloo(x) = 0, 

we see that (T(— 1))^ = 1. Suppose that there is a y G Ch(i3) such that 
{T{-l)){y) = 1. Then there exists a U e P^{y) with a^{T{-l)U) = 
{1} by Lemma [2.11 Thus 

II - T-'U - l|U(x) = ||T(-l)f/ - l||oo(y) < 2. 
On the other hand T^^U G P^{(j){y)) by Lemma [5. 4[ so 

\\T{-l)U - l|U(y) = II - T-'U - l|U(x) = 2, 
which is a contradiction. □ 

Lemma 5.6. Suppose that Tl = 1. Then (TA)(Ch(i3)) C {A, A} for 

every complex number A with the unit absolute value. 

Proof. By Lemma 15.21 we see that |TA| = |A| holds on C\i{B). Since 
Tl = 1, we have ||TA — 1 ||oo(y) = 1-^ ~ 1|- Since T(— 1) = —1 by Lemma 



15.51 we also see that 

||TA + l||oo(y) = II — ^-^ — l||oo(y) = ||^(— 1)^^ — l||oo(y) 

= I -A-l| = |A + 1|. 

It follows by a simple calculation that the conclusion holds. □ 

Lemma 5.7. Suppose that Tl = 1. Then T{—i) = —Ti. 

Proof. Since \\T{—i)Ti — l||oo(y) = II " ' " l||oo(x) = 0, we have that 
T{-i)Ti = 1. By Lemma ESI we see that (Tz)2(Ch(^)) = {-1}, so 
(Ti)^ = —1. Thus we see that the conclusion holds. □ 
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Definition 5.8. Suppose that Tl = 1. Put 

K = {ye Ch(i3) : Ti{y) = i}. 

Lemma 5.9. Suppose that Tl = 1. Then K is a clopen subset of 
Ch{B) and Ti = -i on Ch{B) \ K. 

Proof. Since Ti is continuous on Cli(i3) and Ti{C\i{B)) C {i, —i} by 
Lemma [5 ■6[ if is a clopen subset of Cli(i3) and T{i) = —i on Ch{B) \ 
K. □ 

Lemma 5.10. Suppose that Tl = 1. For every complex number a 
with the absolute value 1, Ta{y) = a if y & K and Ta{y) = a if 
y G Ch(i3) \ K. Thus T{a(3) = TaTj3 holds for every pair of complex 
numbers a and j3 with unit absolute values. 

Proof. If a = —1, then T{a) = a by Lemma [5.51 We consider the case 
where a is a imaginary number. By Lemma 15.71 we have that 

\\TiTa + l||oo(y) = || - TiTa - l||oo(y) = \\T{-i)Ta - l||oo(y) 

= \\ -ia- l||oo(x) = IK" + l||oo(x)- 

We also see that \\TiTa — l||oo(y) = ||^« — l||oo(x)- By Lemma [5l2] we 
see that \TiTa\ = 1 on Ch(i3). It follows by a simple calculation that 

{TiTa){Ch{B)) C {ia,Ja}. 

Suppose that y ^ K. Then Ti{y) = i. By Lemma [5^ Ta{y) = a or a. 
Suppose that Ta{y) = a. Then (TiTa){y) = ia, which contradicts to 
(TiTa){Ch.{B)) C {ia,ia}. Thus we see that Ta{y) = a if y E K. In 
a way similar, we see that Ta{y) = a if ?/ G Ch(i3) \ K. Thus T{af3) = 
T{a)T{(3) holds on Ch(i3) and so we have that T{a(3) = T{a)T{l3). □ 

Lemma 5.11. Suppose thatTl = 1. ThenT{aP'j^{(t){y))) = {Ta)P^{y) 
holds for every y G Ch(i3) and every complex number a with the unit 
absolute value. 

Proof. First we show that T{aP^) C (Ta)P^. Suppose that u G P4. 
Since 

2 = II - aau - l||oo(x) = ||T(-a)T(au) - l||oo(y), 
we have that —1 G (TT,(T{—a)T{au)). Suppose that 

f3ea^{T{~a)T{au))\{-l}. 

Note that |/5| = 1 since 

||T(-a)T(aM)||oo(y) = 1- 
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Since cTt^^F) C F(Ch(i3)) holds for every F E B, there exists a. y E 
Ch(S) with {T{-a)T{au)){y) = (3. IfyeK, then 

(Tii-(3){-a))Tiau))iy) = {T{-B)T{-a)T{au)){y) = -1 

since T{—I3) = —j3 on K by Lemma [5.101 so that 

2 = \\Tii-f3){-a))T{au) - l||oo(y) = \\/3u - l\\oo{x)- 

Since u G P4 we see that (3 = —1, so (3 = —1, which is a contradiction. 
If ?/ G Ch(i3) \ K, then we have, in a way similar to the above, a 
contradiction. It follows that 

a^iT{-a)T{au)) = {-1}. 

Thus we see that T{—d)T{aP^) C — -P^. Since 

T(-a)T(-a) = Tl = 1 

and 

-T(-a) = T(-l)r(-a) = T{a) 
by Lemma 15.51 and 15.101 we see that 

T(aP°) C T(a)P°. 

Next we show that 

T(aPO(0(y)) C T(a)pO(y). 

Suppose that u G P_4(0(?/)). Then by the above we have that T{au) G 
T{a)P^. Since T(a)T(a) = Tl = 1 by Lemma I5.10[ we see that 
T{a)T{au) G Pg. On the other hand, by Theorem 13. II and Lemma ISTTl 

\iTia)Tiau))iy)\ = |«(0(y))| = 1, 

so that {T{a)T{au)){y) = 1 since T{a)T{au) G Pg. It follows that 
T{a)T{au) G P^{y) and so T{au) G {Ta)P^{y). We see that 

T(aP°(0(y)) C r(a)P°(i/). 

We show that 

r(aP°(0(y)) D r(a)P°(i/). 
Suppose that f/ G P^iy)- Then 

II - aT"^((Ta)f/) - l||oo{x) = \\T{-a)T{a)U - l||oo{y) 

= \\—U — l||oo{y) = 2, 
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so — 1 G o"^(— aT ^{iTa)U). Suppose that /5 G a.„{—aT ^{{Ta)U). 
Then we have that = 1. We also have 

2=\\{-P){-aT-\{Ta)U))~l\U^x) 
= ||T((-^)(-a))(Ta)f/-l|U(y) = ||(T((-;9)(-«)a))t/ - 

= ||(T(^))[/-l|U(y). 

Since |T(^)| = 1 on Ch(S), we see that -1 G (T(;3))(Ch(;B)), so by 
Lemma [521 we have that /? = —1. We see that aT,{—aT~^{(Ta)U)) = 
{-1}, so -aT-\{Ta)U) G -P^. On the other hand, 

\{-aT-\{Ta)U)my))\ = \T-\{Ta)Umy))\ 

= ma)My)\ = \U{y)\ = l, 

so 

{-aT-\{Ta)U)my)) = -1 
since -aT-\{Ta)U) G -P^. Thus 

-aT-i((ra)[/) G -P^(0(l/)), 

so 

T-\{Ta)U)eaP^{<P{y)). 

Thus (Ta)(?7) G T{aP^{(f){y))). Since f/ G P^iy) is arbitrary, we see 
that {Ta)[p^{y)) C T(aP^((/.(|/))). It follows that 

(T«)(P°(z/))=r(aP°(0(t/))). 

□ 

Theorem 5.12. Let A and B he uniform algebras on compact Haus- 
dorff spaces X and Y respectively. Suppose that T is a map from A^^ 
onto . Suppose that the equality 

\\TfTg - l||oo(y) = \\fg - l||oo(x) 

holds for every f,gE A^^ ■ Then (Tl)^ = 1 and the map T is extended 
to a map Te from A onto B, and there exists a homeomorphism 
from Ch.{B) onto Ch(^) and a clopen subset K of Ch(i3) such that the 
equality 

holds for every f E A. In particular, is a real-algebra isomorphism. 
Thus we see that the equality 

WTEfTsg - l||oo(y) = 11/5' - l||oo(Js:) 
holds for every pair f and g in A. 
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TEf{y) = Tl{y)x 



Proof. Since 

||T1T1 — l||oo(y) = — l||oo(x) = 0, 
we see that (Tl)^ = 1. First we consider the case where Tl = 1. By 
Lemma [STT] we see that T is injective and \\T fTg\\ao{Y) = ||/5'i|oo(x) for 
every f,gE A^^. Then by Theorem 13 . II there exists a homeomorphism 
(j) from Ch{B) onto Ch(^) such that \Tf{y)\ = \f{(p{y))\ holds for 
every / G and every y G Ch(;B). We show that Tf{y) = f{(j){y)) 
if y & K and Tf{y) = f{(f){y)) if y G Ch{B) \ K, where K is defined as 
in Definition I5.8[ 

Suppose that y & K and Tf{y) ^ f{(f){y)). By Lemma EH] there 
exists an i7 G P^iy) such that a.„(TfH) = {Tf{y)}. Since Ti = i on 
K and Ti = —i on Ch(;B) \ 7^ we see that the closure ^ of in F and 
the closure Ch(i3) \ of Ch{B) \ K are disjoint. Thus we may assume 
that \TfH\ < \Tf{y)\ on Ch{B)\K. Put h = p-^H. Then by Lemma 

15.111 we see that h G P4(0(y)). Put a = jj^^^- Then we have that 

||T«T/r/i-l|U(y) < \Pf{y)\ + l. 
(Suppose not; \\PaP fPh — l||oo(y) > 1^/(^)1 + 1- Since 

WPaPfPh - l|U(y) < ||ra||oo(y)||T/T/i|U(y) + 1 = \Tf{y)\ + 1, 
we have that 

\\PaPfPh-l\Uy) = \Pf{y)\ + l, 
so there exists a z G Ch{B) such that 

\{PaPfPh){z)-l\ = \Pf{y)\ + l. 
Since \Pa\ = 1 on Ch{B), we have that 

\\PaPfPh\\ 

oo{Y) — 

\\PaPfPh\\ 

oo(Ch(i3)) — \\PfPh\\ 

oo(Ch(B)) 

= \\PfPh\U^y) = \Pf{y)l 

thus 

(5.3) {PaPfPh){z) = -\Pf{y)\. 

Then we see that 2; is a point in K. Suppose that z G Ch.{B) \ K. Then 
by the definition of H, \(P fPh){z)\ < \Pf{y)\ holds. Since \P(y\ = 1 
we have that 

\{PaPfPh){z) - 1| < \{PaPfPh){z)\ + 1 < \Pf{y)\ + 1, 

which is a contradiction proving z & K. So Pa{z) = a by Lemma [5. 101 
and thus we have by the equation fl5.3p that 



f(<i^(y))TfXz)Ph{z) = -\Pf{y)\. 
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So \Tf{z)Th{z)\ = \Tf{y)\. Since a^jTfTh) = {Tf{y)}, we see 

that Tf {z)Th{z) = Tf{y), so that j^^Tf{y) = \Tf{y)\. Then 

f{<P{y))Tf{y) = |T/(y)|2 holds since \Tf{y)\ = \f{<P{y))\, so that 
f{(f){y)) = Tf{y), which is a contradiction.) Then by Lemma 15.111 
there exists an h' G P4(0(y)) such that T{ah') = {Ta){Th). Thus 

\Tf{y)\ + l>\\TaTfTh-l\U(Y) 

= \\T{ah')Tf - l||oo(y) = \\ah' f - l||oo(x) 

> \ah'i<Piy))f{<P{y)) - 1| = + 1 = |T/(y)| + 1, 

which is a contradiction proving that Tf{y) = f{(j){y)). 

Suppose that y G Ch(S) \ K. We show that Tf{y) = f{(j){y)). Sup- 
pose not. By Lemma I^TT] and Lemma 15 . 1 1 1 there exists an /i G Pj({(f){y)) 
such that aj^iTfTh) = {Tf{y)}. We may assume that \TfTh\ < 
\Tf{y)\ on K as the same way as in the case that y E K. Put 

a = jf(^^- Then as in the same way as in the case where y G K, we 
see that 

\\TaTfTh-l\UY) < \Tf{y)\ + l. 

By Lemma 15.111 there exists an h' G Pj^{(f){y)) such that T{ah') = 
T{a)Th. Then we have that 

\\TaTfTh - l||oo{y) = \\T{ah')Tf - l||oo{y) = \\ah'f - l\\oc{x) 

> \ah'im)fim) - ii = \fi<i>m + 1 = \Tfiy)\ + 1, 



Tf{y) 



which is a contradiction proving that Tf{y) = f{(j){y)). So we see that 
the equahty 

[fim), yeCh{B)\K 

holds for every / G A^^ if Tl = 1. 

We consider the general case. Put T = By a simple calculation 
we see that T is a map from onto B^^ such that 

\\Tffg - l||oo(y) = 11/^ - l||oo(x) 

holds for every f,g & A^^ and Tl = 1. Then by the first part of the 
proof we see that there is a homeomorphism from Ch{B) onto Ch(^) 
and a clopen subset K of Ch{B) such that the equality 

IM = f(n( ^ //(^' 

Tl{y) yeCHB)\K. 
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holds for every f E A ^. Let (resp. Ib) denote the map /^/ — 
flcHA) (resp. Ib/ = /|ch{»)) from A (resp. B) onto A\ch{A) (resp. 
B\cAi{B))- Then (resp. Jg) is an algebra isomorphism from A (resp. 
B) onto ^lch(^) (resp. -B|ch(B))- Put a map To from A|ch(^) into -B|ch(S) 

by 

ToiflcHAm - Tl{y) X ^ ^ ^^^^^ ^ ^ 

for f\ch{A) e -4|ch(.4)- Put 

Te = /fi ^ o To o 

Then it is easy to sec that Te is a bijection from A onto i5 which is an 
extension of T, and is a, real-algebra isomorphism from A onto B 
which is an extension of By the definition we see that the equality 

\f{m\ yeCh{B)\K 

holds for every f E A. □ 



TEfiy) = Tl{y) X 



Let A be a unital commutative Banach algebra. Recall that the 
spectral radius of / e A is denoted by r(/). Then by the definition 



r(/) 



oo(Ma) 



holds for every f E A, where / denotes the Gelfand transformation in 
A. 

Recall that clA is the uniform closure of the Gelfand transform of 
A in C{Ma)- If A is semisimple, then we may suppose that A C c\A. 
Recall also that the Gelfand transform of / e vl is denoted also by / 
omitting " for simplicity. 

Corollary 5.13. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that T 
is a map from A~^ onto B~^ which satisfies that the equation 

T{TfTg - 1) = rifg - 1) 

holds for every pair f and g in A~^. Then B is semisimple and (Tl)^ = 
1, and T is extended to a map Te from c\A onto c\B such that TeA — 
B, and there exist a homeomorphism from Ch(cli?) onto Ch(cM) 
and a clopen subset K of Ch(clS) which satisfies that the equation 



TEfiy) = Tl{y) x 



/ /(0(y)) , y^K 
\fimi yeCh(cls)\K 
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holds for every f e cM. In particular, ^ is a real-algebra isomorphism 
from clA onto clB and '^{A) = B; A is real- algebraically isomorphic 
to B. Thus the equality 

WTsfTEg - l||oo(Ms) = Wfg - 1||oo(Ma) 

holds for every pair f and g in clA and Te{{cIA)~^) — {clB)~^. 

Proof. First we consider the case where B is semisimple. Let / e A~^. 
Since 

r(T/T/-i - 1) = r(//-i - 1) = 
and B is assumed to be semisimple, we have that Tf~^ — {Tf)~^. So 

r(^-l) = r(^-l) 
Tg g 

holds for every pair / and g in A^^ . (Recall that we denote the Gelfand 
transform of / G A also by /; omitting ^, and we suppose that 

A C cU C C{Ma), B cdBc C{Mb), 

so that such a formula like - is well-defined and so on.) We show 

9 > 

that T is extended to a map from (cM)~^ onto (cl-B)~^. Note that 
Ma = MciA and so {c\A)^C{Mj^-^ = {clA)-\ Let / G {dA)-\ Then 
there exists a sequence {/„} in A~^ such that ||/ — /n||oo(M^) ^ as 
n oo. Since / is invertible there exists a positive number M such 
that < \ fn\ < M holds on Ma for every /„. Thus 

^Afnix) - fmi^)\ < if^ - 1| < M|/„(X) - fUx)\ 

hold for every x G Ma, so we have that 

^r(/„ - fj < r(|^ - 1) < Mr(/„ - fj 

since r(|^ - 1) = - 1). Since r(TlTl - 1) = t{1^ - 1) = we 
have that (Tl)^ = 1 and so we have that 

r{TfJ = r(T/„Tl) < r(T/„ri - 1) + 1 

= r(/„-l) + l<M + 2. 

It follows that 

r(r/„ - T/^) < r{TfM^ - 1) < M(M + 2)r(/„ - /^), 

so that {Tfn} is a Cauchy sequence in B~^ with respect to the supre- 
mum norm on Mb- Thus there is an F G C{Mb) with 

\\Tfn - -^lloo(Ms) 
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as n —>■ oo. In a way similar to the above we see that 1(7^^) < M + 2 
and so that < \Tfm\ holds on Mb- Thus we see that < |F| on 
Mb- It follows that F is invertible in C{Mb) and so F G (clB)^^ since 
Mcw = Mb- In a routine argument we see that for each / G (cM)~^ 
F is uniquely determined; it does not depend on the choice of the 
sequence {/«} which converges to /. We define a map Te from {clA)~^ 
into (cli?)^^ by T^f = F- We show that is a surjection. Suppose 
that F G (cli?)"^. Then there is a sequence {Fn} in B such that 
||T„ — -F||oo(Mb) — > as n ^ 00. Since F G (cli?)"^ and Md^ = Mb, 
we may assume that F^ G for every n- Since TA^^ = B"^, there 
exists a sequence {/„} in A^^ with T/„ = F„ for every positive integer 
ri- As in a way similar to the above we see {fn} is a Cauchy sequence 
which uniformly converges to some / G (cM)^^. By the definition of 
we have that Tef = F; Te is a surjection. Suppose that /, G {c\A)~^. 
Then there are some {/„} and in A~^ such that fn ^ f and 
gn ^ g as n ^ CO- Then we see that 

"^{TfnTgn - 1) = r(/„5(„ - 1) 

and letting n — >■ 00 we have that 

\\TefTeg - 1||oo(Mb) = \\fg~ l||oo(AfA)- 

Applying Theorem 15.121 to the map Tg from (cM)~^ onto (cl-B)^^, we 
see that there exists a clopen subset K of Ch(cli?) and Tg is extended 
to a map Te from clA onto cl-B such that the equality 

j fi<Piy)) , yeK, 
1/(0(1/)), yeCh{dB)\K 

holds for every / G cM. It follows that ^ is a real- algebra isomorphism 
from c\A onto cli?. We also see that ^{A) = B- (Since Te = T on A~^ 
and Tl G B'^ we see that ^{A'^) = B'^. Suppose that F E B. Then 
there exist an Fq G B^^ and a complex number A with F = Fq + X. If 
A = 0, then F = Fq and there exists an /q G A~^ with T/o = TIFq, 
so that ^(/o) = -fo = F. If A 7^ 0, then there exist an /o G and 
/a G with T/o = TlFo and Tfx = ATI. Since Te is real-linear, we 
have that Tsifo + fx) = TIF. We see that ^{A) = B-) 

Finally we consider the general case; B is not assumed to be semisim- 
ple. Let r denote the Gelfand transform on B. Then FoT is a function 
from A~^ onto {B)~^, where B is the Gelfand transform of B. Then 
by the first part of the proof we see that there exist a homeomorphism 
from Ch(cli?) onto Ch(cM) and a clopen subset K of Ch(cli?) such 
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TEf{y) = Tl{y)^ 



that the equahty 

if{<P{y)), yeK, 



ToTf{y) = ToTl{y)x 



\f{<P{y)), yeCh{dB)\K. 



holds for every / G A^^. In particular, we see that F oT is an injection 
from onto (B)^^, so F is injective on and so F is injective on 
i? by a simple calculation. Thus we see that B is semisimple. Then 
applying the first case we have the conclusion. □ 

Corollary 5.14. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that T 
is a map from A~^ onto B~^ which satisfies that the equality 

r{TfTg - 1) = lifg - 1) 

holds for every pair f and g in A~^ . Suppose that there exists a A G C\ 
(M U zR) such that T\ = X. Then B is semisimple, T is extended to a 
complex- algebra isomorphism Te from clA onto clB such that TeA = B 
and Te{{cIA)'^) = {clB)~^ , and there exists a homeomorphism cf) from 
Ch(cli?) onto Ch(cM) such that the equality 

TEfiy) = fim), y G Ch(cl5) 

holds for every f G cM. 

Proof. By Corollary 15.131 and its proof, we see that B is semisimple 
and {Tiy = 1, and T is extended to a map Te from c\A onto cl-B such 
that there exists a homeomorphism from Ch(cli?) onto Ch(cM) and 
a clopen subset K of Ch(cli?) which satisfies that the equation 



TEfiy) = Tliy)x 



\f{m\ yeCh{dB)\K 



holds for every / G c\A. In particular, ^ is a real-algebra isomorphism 
from c\A onto c\B such that ^(A) = B. We show that K = Ch(cl5). 
Suppose not. Then there is a ?/ G Ch(cli?) \ K. So by the hypothesis. 



A = TA(y) = Tl(y)A(0(y)) = ATl(y), 

which is a contradiction since Tl{y) = 1 or —1 and A G C \ (M U il 
Then we also see that Tl = 1 since 

A = TA = TrA = TIA 



on Ch(cl5) 
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□ 



Corollary 5.15. Let A and B he unital semisimple commutative Ba- 
nach algebras. Suppose that T is a group homomorphism from A"^ 
onto B~^ . Then the following are equivalent. 

(i) T is isometry with respect to the spectral radius, that is, the equal- 
ity 

r{Tf - Tg) = r(/ - g) 

holds for every pair f and g in A~^ . 

(ii) The equality 

T{Tf - 1) = r(/ - 1) 

holds for every f G A^^ . 

(iii) There exist a homeomorphism from Ch(cl-B) onto Ch(cly4) and 
a clopen subset K of Ch(cli?) such that the equality 



Tf{y) 



y(^K 



holds for every f G A~^ . 

Thus if one of the above holds, then T is extended to a real-algebra 
isomorphism from A onto B; A is real- algebraically isomorphic to B. 

Proof. The inclusion (iii) (i) is trivial. Since Tl = 1, (i) implies (ii) 
is also trivial. By Corollary 15.131 we see that (ii) implies (iii). Thus 
T is extended to a real-algebra isomorphism from A onto B if at least 
one of (i), (ii) and (iii) holds. □ 

The group isomorphism in Corollary l5.15l is not extended to the com- 
plex algebra isomorphism in general, as the following example shows. 

Example 5.16. Let A{D) be the disk algebra on the closed unit disk; 
the algebra of all complex-valued continuous functions on the closed 
unit disk D which are analytic on the interior of the disk, and A{D) = 
{/ G C{D)\f G A{D)}. Put A = A{D) ® A{D), the direct sum of two 
copies of A{D) and B = A{D) © A{D), the direct sum of A{D) and 
A{D). Then A and B are uniform algebras on X = D x {1,2}. Then 
T(/ ® g) = f ® g defined on A~^ is a group isomorphisms onto B~^ 
such that 

||T(/©(7)-l|U(X) = ||/©^7-l||oo(X). 

On the other hand A is not algebraically isomorphic to B as a complex 
algebra. 

Corollary 5.17. Let A and B be unital semisimple commutative Ba- 
nach algebras. Suppose that T is a group homomorphism from A^^ 
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onto B ^ which satisfies that the equality 

r(r/-l) = r(/-l) 

holds for every f G A^^. Suppose that there exists a A G C \ M such 
that TX = A. Then T is extended to a complex- algebra isomorphism Te 
from c\A onto c\B with T^A = B, and there exists a homeomorphism 
(j) from Ch(cli?) onto Ch(cM) such that the equality 

TEfiy) = fim), y e Ch{dB) 

holds for every f G c\A. 

Proof. By Corollary 15.151 we see that there exist a homeomorphism 
from Ch(cli?) onto Ch(cM) and a clopen subset K of Ch(cl-B) such 
that the equality 

holds for every / G We also see that K = Ch(cli?). Suppose that 
y G Ch(cli?) \ K, then we have that 



Tf{y) 



A = TXiy) = A(0(y)) = A, 

which is a contradiction since A G C\R. Thus K = Ch(cl-B). As in the 
same way as the proof of Theorem 15.121 T is extended to the desired 
Te. □ 

Corollary 5.18. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that T is 
a map from A^'^ onto B~^ and a is a non-zero complex number which 
satisfies that the equality 

"^{TfTg - a) = T{fg - a) 

holds for every pair f and g in A~^ . Then B is semisimple, and T 
is extended to a map Te from clA onto clB such that TeA = B, and 
there exist an element t] G B^^ such that rj^ = 1, a homeomorphism cf) 
from Ch(cl-B) onto Ch(cM) and a clopen subset K of Ch(cli?) which 
satisfies that the equality 

holds for every f G clA. Furthermore, ifTl = 1, then the equality 

yeChidB)\K 



TEfiv) 
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holds for every f G cM. Thus the equality 

WTeITeQ — a||oo(Mfl) = 11/5' — «||oo(Ma) 

holds for every pair f and g in clA, and Te{{cIA)~^) = {clB)~^ holds. 
Furthermore, if Tl = 1 and a G C \ M or there exists A G C \ R such 
that TX = A; then the equality 

TEfiy) = y e Ch(cl5) 

holds for every f G cM. In this case, Te is extended to a complex- 
algebra isomorphism from c\A onto clB with TeA = B. 

Proof. Let /? be a complex number with (3"^ = a. Put a function Tp 
from A~^ into B~^ by 

Tpf = ^T{(3f) feA-\ 

Then by a simple calculation T/jA^^ = B^^ . '^m.ce T^fTpg = ■^T{Pf )T{j3g), 
we have that 

TiTpfTf^g - 1) = -Lr(T{Pf)T{Pg) - a) 

\a\ 

= -Lr(pfPg-a)=r{fg-l). 

\a\ 

Then by Corollary 15.131 B is semisimple and (T^l)^ = 1. We also see 
by Corollary 15.131 that is extended to a function (T^) e from clA 
onto clB and that there exists a homeomorphism (p from Ch(cli?) onto 
Ch(cM) and a clopen subset of Ch(cli?) such that the equation 

yeCh{dB)\K 
holds for every / G c\A. Put rj = Tf^l and put 

TEf = f3{Tp)E{^^) 

for / G cM. By a simple calculation we see that Te is an extension of 
T which maps from cM onto cl-B and we have that 



{Tp)Efiy) = Tpliy)x 



TEf{y) = v{y) X 



y&K, 



3 n 

smce ^ = A. 
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(5.4) TEf{y) 



Suppose that Tl = 1. Then by the above equation we have that 
1 = 7] on K and 1 = -^^r] on Ch(cli?) \ K. Thus we see that the 
equahty 

"1/(0(1/)), yeC\i{dB)\K 

holds for every / G c\A. 

Furthermore suppose that Tl = 1, and a G C \ R or TA = A for 
some A G C \ M. First we consider the case where a G C \ M. Since B 
is semisimple and Tl = 1 we have that 

r(Ta — a) = r(TaTl — a) = i{al — a) = 0, 

so Ta = a on Ch(cli?). On the other hand by putting / = a in the 
above equation (15 ■4p we have that 



TEOi{y) 



a, y eK, 
|a|, y ^C\i{c\B)\K. 

Since a G C \ R we see that K = Ch(cl-B) and so the equahty 

TEfiy) = fim), y e Ch(cis) 

holds for every / G cM. Next we consider the case where TA = A for 
some A G C \ R. Then by the above equation (15 ■4p we have that 

TA(,) = T,A(,) = |J^ ^GCh(cl5)\ir. 
It follows that K = Ch(cli?) since TA = A. So we have that 

TEfiy) = fim), y e Ch(cis) 

holds for every / G c\A. □ 

Corollary 5.19. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that T is 
a group homomorphism from A~^ onto B~^ which satisfies that there 
exists a nonzero complex number a such that the equality 

i{Tf-a) = i{f-a) 

holds for every f G A~^ . Then B is semisimple, T is extended to a 
real-algebra isomorphism Te from c\A onto c\B with TeA = B and 
T£;((cM)~^) = (clB)"^, and there exists a homeomorphism from 
Ch(cl-B) onto Ch(cM) and a clopen subset K of Ch(cli?) such that 

/ /(0(y)) , yeK, 

\/(0(y)), yeCh{dB)\K 
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TEf{y) 



TEfiy) 



holds for every f G cM. Furthermore if a E C\M. or there exists a 
A G C \ M such that TX = X, then 

TEfiy) = y e Ch(ci5) 

holds for every f G cM; In this case Te is a complex- algebra isomor- 
phism. 

Proof. Since T is a group homomorphism we see that 

"^{TfTg -a) = i{fg - a) 

holds for every / and g in . Then B is semisimple by Corollary 
15.181 We also see by Corollary 15.181 that T is extended to a real- algebra 
isomorphism Te from c\A onto cl-B with TeA = B, and there exist a 
homeomorphism from Ch(cl-B) onto Ch(cM) and a clopen subset K 
of Ch(cl-B) which satisfies that the equality 

[fim), yeChidB)\K 

holds for every / G clA. Note that Tl = 1 since T is a group homo- 
morphism from A~^ onto B~^. 

Suppose that a G C\]R or there exists a A G C\]R such that TX = A. 
Then by Corollary 15.181 we see that the equality 

TEfiy) = y e Ch(cii?) 

holds for every / G cM. □ 

6. Non-symmetric multiplicatively spectrum and 
peripheral spectrum-preserving maps between 
invertible groups 

In this section we consider non-symmetric multiplicatively (periph- 
eral) spectrum-preserving maps. We say that a map T from the in- 
vertible group A^^ of a unital commutative Banach algebra A into 
the invertible group B~^ of a unital commutative Banach algebra B is 
non-symmetric multiplicatively (resp. peripheral) spectrum-preserving 
if there exists a nonzero complex number a such that 

(^{TfTg -a) = a{fg - a) 

(lesp.a^iTfTg - a) = a^{fg - a)) 

holds for every pair / and g in A~^. In this section we show, under some 
additional assumption, that non-symmetric multiplicatively peripheral 
spectrum-preserving maps from A~^ onto B~^ are extended to algebra 
isomorphisms from A onto B. 
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Corollary 6.1. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that T 
is a map from onto B'^ which satisfies that there exists a nonzero 
complex number a such that 

a^{TfTg - a) H a^{fg - a) 7^ 

holds for every pair f and g in . Then B is semisimple, and T 
is extended to a map Te from clA onto c\B with TeA = B, and there 
exists a homeomorphism (f) from Ch(cli?) onto Ch(cM) such that the 
equality 

TEfiy) = Tl{y)f{<P{y)), y G Ch(cli?) 

holds for every f G c\A. In particular, extended to a complex- 

algebra isomorphism from c\A onto c\B with j^{A) = B. 

Proof. First we consider the case where a = 1. We have that the 
equality 

T{TfTg-l)=rifg-l), f,gEA-' 

holds since 

a^(T/T(7-l)n(7^(/(7-l)^0 

holds for every pair / and g in A~^. Thus by Corollary 15.131 we see 
that B is semisimple, and T is extended to the map Te from clA onto 
cl-B, and there exist a homeomorphism from Ch(cli?) onto Ch(cM) 
and a clopen subset K of Ch(cl-B) such that the equality 

TEf{y) = Tl{y) X <^ ^nx.(^u\\T<^ 

holds for every / G cM, where (Tl)^ = 1. Let A G (7n{f) for an / G A~^ 
(resp. B^^). Then there exists an a; G Ma (resp. Mb) with f{x) = A. 
Since |A| = ||/||oo(x) (resp. |A| = ||/||oo(y)), we have that /"^(A) is a 
peak set for cM (resp. cl-B). Thus there exists an xq G Ch(cM)n/~^(A) 
(resp. xo G Ch(cl5) n f'\X)) by Corollary 2.4.6 in [I]. It follows 
that A = f{xo) G /(Ch(cM)) (resp. A = f{xo) G /(Ch(clE))), so 
that a^if) C /(Ch(cU)) (resp. a^{f) C /(Ch(cl5))) holds for every 
/ G A'^ (resp. B'^). 

We show that K = Ch(cli?). Suppose not; There exists a |/o G 
Ch{dB)\K. By the definition of K we have that KnCh{dB)\K = 0, 
where ^ denotes the closure in Mb- Thus there exists a f/ G B^^ such 
that U{yo) = i, \U\ < ^ on K, and ImU > on Ch(cl5). Then there 
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exists a. u E A ^ with Tu = Teu = ^ since TA ^ = B so 



U{y)=Tu{y)Tl{y) 



Tl 

u o (t){y), y E K 

uo(j){y), y e Ch(cl5) \ K 



since (ri)^ = 1. Thus 

a^iTuTl - 1) = (J^{U - 1) 

C U{Ch{dB)) -l<z{zeC:lmz>Q}. 

Since 

i = U{yo) = uo 0(t/o), 



we have u{(j){yo)) = —i. Since U = m o on Ch(cli?) \ we have 
him < on (f){Ch.{c\B) \ K). Since U = u o (p on K, we have that 
\u\ < I on (t){K). Since {u — l)(0(yo)) = — ^ — 1, we have 

(j^{u-l) d {z eC:\z\> V2}. 
Thus {u - l){(t){K)) n a^{u - 1) = 0. It follows that 
a^{u - 1) C {2; e C : Imz < 0}. 

So we see that 

a^{TuTl - 1) n a^{u - 1) = 0, 

which is a contradiction proving that K — Ch(clS). It follows that the 
equality 

TEf{y)=Tl{y)f{<P{y)) 

holds for every / G c\A and y G Ch(cli?). 

Finally we consider the general case for a. Let (3 he a. complex 
number with = a. Put a function Tp from A~^ onto B~^ by Tpf — 
^T{Pf) for / e 74~^. Then Tg is well-defined and we see by a simple 



calculation that TpA ^ — B ^. Then we see that the equalities 



a^{TpfTpg - 1) = a^{^T{(5f)T{(5g) - 1) 

= -a^{T{(3f)T{(5g) - a) = a^Q - 1) 

a 

hold for every pair / and g in A^^. Thus by the first part of the proof 
we see that B is semisimple, and Tp is extended to a map (T^)e from 
clA onto cl5, and there exists a homeomorphism (p from Ch(cl5) onto 
Ch(cM) such that the equality 

^Efiy) = y e Ch(clS) 
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holds for every / G cM. Put Te : dA c\B by Tg/ = /5(T^)b(|) for 
/ G cM. Then since we see that the equahty 

TEf{y) = f3{T^)E{^){y) = r^l(y)/(0(y)), y g Ch(cli?) 

holds for every / G clA. Then we have 

Tl{y) = TEl{y) = Tpl{y), y G Ch(cl5) 

holds. Thus we see that T^l = Tl and the conclusion holds. □ 

Corollary 6.2. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that T is 
a group homomorphism from A~^ onto B~^ which satisfies that there 
exists a non-zero complex number a such that 

holds for every f in A"^. Then B is semisimple, and T is extended to 
a complex-algebra isomorphism Te from c\A onto c\B with TeA = B, 
and there exists a homeomorphism from Ch(cli?) onto Ch(cM) such 
that the equality 

TEfiy) = fim), y e Ch(ci5) 

holds for every f G cM. 

Proof. Since T is a group homomorphism we see that 

(^ATfTg -a)n a^{fg - a) = a^{T{fg) - a) D a^{fg - a) 7^ 

holds for every pair / and g in A~'^. Thus by Corollary 16. II T is extended 
to a map Te from clA onto clB with TeA = B, and there exists a 
homeomorphism from Ch(cl-B) onto Ch(cM) such that the equality 

TEfiy) = Tliy)f{<P{y)), 1/ e Ch(cm) 

holds for every / G c\A. Since T is a group homomorphism from A~^ 
onto B~^ we have that Tl = 1, so we conclude that the equation 

TEfiy) = fim). y e Ch(cii?) 

holds for every / G cM. □ 
7. SURJECTIONS BETWEEN COMMUTATIVE BANACH ALGEBRAS 

Let A and B be unital semisimple commutative Banach algebras. 
In this section we consider the maps from A onto i?, which satisfy 
the similar conditions for maps from A"^ onto B^^ in the previous 
sections. Multiplicatively spectrum-preserving maps are initiated by 
Molnar [9j , Rao and Roy [12] and Hatori, Miura and Takagi [4j extended 
the results of Molnar for uniform algebras. Luttman and Tonev [8] 
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extended the results of Rao and Roy and Hatori, Miura and Takagi 
(for uniform algebras) in the case where the maps between uniform 
algebras are multiplicatively peripheral spectrum-preserving. Inspired 
by the theorem of Luttman and Tonev we have considered the following 
question. 

Question 7.1. Suppose that A and B are uniform algebras and T is a 
map from A onto B. Suppose that 

\\TfTg + l||oo(y) = 11/^ + l||oo{x) 

holds for every pair f and g in A and TX = A for every complex number 
A. Does it follow that T is an algebra isomorphism from A onto B? 

In this section we give a complete solution to the above question in 
more general form (cf. Theorem 17.41 and Corollary 17. 5p . We also give a 
generalization of a theorem of Luttman and Tonev (cf. Corollary 17.31 ) 

Theorem 7.2. Let A and B be uniform algebras on compact Hausdorff 
spaces X and Y respectively and S a map from A onto B. Suppose that 
the equality ||5'/S'(7||oo{y) = ||/fi'||oo{x) holds for every pair f and g in 
A. Then there exists a homeomorphism from Ch.{B) onto Ch(^) 
such that the equality 

\Sf{y)\ = \f{<f>{y)\, yeCHB) 

holds for every f E A. 

Note that 5* need not be injective. 

Proof. We can prove Theorem 17.21 in a way similar to the proof of 
Theorem 13.11 and we only show a sketch of the proof. 

In a way similar in the proof of Theorem 13. II we see that 1 5*1(^)1 = 1 
for every y G Ch.{B). Thus we see that the equality ||5'/||oo(y) = 
||/||oo(x) holds for every f E A. Let y G Ch(;B) and put 

Ly = {x E X : |/(x)| = 1 for every f E A with 

\Sfiy)\ = l = \\Sf\Uy)}. 

Then Ly is a singleton whose element is a point in Ch(^). Put a 
function (j) from Ch.{B) into Ch(^) by (f){y) = the unique element of 
Ly. Then in the same way as in the proof of Theorem 13. II we see that 
\Sf{y) \ = |/(0(|/))| holds for every / G ^ and y G Ch(i3) if Sf{y) ^ 
and f{(p{y)) ^ 0. We show that \Sf{y)\ = \f{(p{y))\ holds even if 
^f{y) = or f{4>{y)) = 0. Suppose that Sf{y) = 0. Then for every 
positive e there exists an G P^iy) such that \\SfH^\\oo(Y) < 
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Since S* is a surjection there is an E A with Sh^ = H^. Then by the 
definition of (f){y), = 1 holds since 

SK{y) = H^iy) = 1 = ll-ffelloo(y) = \\Sh^\\^{Y)- 

Thus we have that 

e > ||5//f,|U(y) = ||//i,||oo(x) > \fi<Piy))K{<P{y))\ = |/(0(y))|, 

so the equahties f{(p{y)) = = Sf{y) holds since e is arbitrary. 
Suppose that f{(j){y)) = 0. Then for every positive e, there exists a 
Ue G P^{(j){y)) such that ||/'Ue||oo(x) < We see that \Sue{y)\ = 1. 
Suppose not. Then \Sue{y)\ < 1 since ||5''U£||oo(y) = ||Me||oo(x) = 1- So 
there exists an H E P^iy) with ||S'Meif||oo(y) < 1- Since S* is a surjec- 
tion there is an e ^ with Sh = H. Then by the definition of (f){y) 
we see that \h{(j){y)\ = 1 since Sh{y) = 1 = ||5'/;,||oo(y)- It follows that 

1 > \\SusH\\^(Y) = \\ueh\\^^x) > \u,{(l){y))h{(f){y))\ = 

which is a contradiction proving that \Sus{y) \ = 1. Then we have that 

£ > \\fue\\oo{x) = \\SfSue\\oo{Y) > \S f {y)Sueiy)\ = \Sf{y)\, 

and so we have that Sf{y) = = f{(f){y)) since e is arbitrary. We 
conclude that the equality 

\Sf{y)\ = \f{<P{y))l yeCh{B) 

holds for every f E A. In the same way as in the proof of Theorem 13.11 
we see that is continuous. 
Next let X G Ch(^) and put 

= {y e Y : \Sf{y) \ = 1 for every f e A with 

1/(^)1 = l = ll/l|oo(X)}. 

In a way similar in the proof of Theorem 13.11 we see that is a 
singleton which consists of a point in Ch(i3). Put a function ip from 
Ch(^) into Ch(i3) such that ip^x) = the unique element in K^. In a 
way similar in the proof of Theorem 13.11 and the first part of the proof 
we see that the equality 

\Sf{^{x))\ = \f{x)\, xeCHA) 

holds for every f E A and ip is continuous on Ch(^). Again in a 
way similar in the proof of Theorem 13.11 we see that (p o ip and ip o cp 
are identity functions on Ch(^) and Ch(i3) respectively, so that is a 
homeomorphism from Ch(i3) onto Ch(^). □ 

The following is a generalization of a theorem of Luttman and Tonev 
[8] and it is related to Corollary 3 in [7]. 
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Corollary 7.3. Let A and B he uniform algebras on compact Hausdorff 
spaces X and Y respectively. Suppose that S is a map from A onto B 
such that the inclusion 

a^{SfSg) C a^ifg) 

holds for every pair f and g in A. Then (5*1)^ = 1 and there exists a 
homeomorphism from Ch{B) onto Ch(^) such that the equality 

Sf{y) = Sl{y)f{<l>{y)), y G Ch{B) 

holds for every f G A. In particular, is an isometrical algebra 
isomorphism from A onto B. 

Proof. A proof is similar to that of Corollary 14 . 1 1 and we sketch a proof. 
First we consider the case where 5*1 = 1. By the inclusion aT^{SfSg) C 
(^Tvifg), we have that ||S'/S'5(||oo(y) = ||/5'l|oo(x) holds for every pair / 
and g in A. Thus by Theorem 17.21 there exists a homeomorphism 
from Ch{B) onto Ch(^) such that the equality 

(7.1) \Sf{y)\ = \f{<p{y))l yeCHB) 

holds for every f E A. We show that the equality 

Sf{y) = f{m), yeCh(S) 

holds for every f E A. If f{(p{y)) 7^ 0, then the proof is similar to that 
in the proof of Corollary SH If f{(j){y)) = 0, then Sf{y) = f{(p{y)) 
holds by the above equation 17. 1[ 

Finally we consider the general case; We do not assume 5*1 = 1. In 
a way similar to the proof of Corollary 14.11 we see that {SlY = 1. So 
5"! e B~^. Put a map S from A into B hy Sf = Then 5 is a 
surjection and the inclusion 

(^niSfSg) C (T^ifg) 

holds for every pair / and g in A since {Sl)"^ = 1. By the first part of 
the proof we see that the conclusion holds. □ 

Theorem 7.4. Let A be a unital semisimple commutative Banach al- 
gebra and B a unital commutative Banach algebra. Suppose that S is a 
map from A onto B which satisfies that there exists a non-zero complex 
number a such that the equality 

T{SfSg -a) = r{fg - a) 

holds for every pair f and g in A. Then B is semisimple and there 
exist an f] E B with rj^ = 1, a homeomorphism cf) from Ch(cli?) onto 
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Sfiy) =viy) X 



Ch(cM) and a clopen subset K of Ch(cli?) such that the equality 

//( 0(y)), y^K, 
\^\f\m). yeCh{dB)\K 

holds for every f G A. Furthermore if SI = 1, thenrj = 1. Furthermore 
if SI = 1, and a G C \ M or there exists a A G C \ M such that SX = X, 
then K = Ch(cli?) and the equality 

Sf{y) = f{<P{y)), y e Ch(cli?) 

holds for every / G A. 

Proof. First we consider the case where B is semi-simple. We show 
that SA-^ = B-^. Let / G A'^. Put g = af'^. Then we have that 

= rl/fi- - «) = r{SfSg - a), 

so SfSg = a for B is semisimple. Since a is a non-zero complex 
number we see that Sf G B^^; we have proved that SA~^ C B^^. 
Suppose that F G B^^. Since 5^4 = B, there exist an / and a g in A 
with Sf = F and Sg = aF~^. Then we have that 

= r{SfSg -a) = i{fg - a), 

so fg = a for A is semisimple. Thus we see that / G A^^. It follows 
that SA-^ = B-^. Applying Corollary EH] to ^1^-^ we see that there 
corresponds the extended map {S\A^^)e from c\A onto cli? such that 
the equality 

(7.2) \\iS\A-')EfiS\A-')Eg - a||oo(Af,) = \\fg - «l|oo(Af,) 

holds for every pair / and g in clA. We also see by Corollary 15. 181 that 
there exist smrj E B^^ with = 1, a homeomorphism from Ch(cli?) 
onto Ch(cM) and a clopen subset K of Ch(cl-B) which satisfy that 

^(S\A ),(/))(,) = ,(,)x I ,,Ch(clS)\/f. 

If SI = 1, and a G C \ M or there exists a A G C \ M with SX = A, then 
{{S\A-')E{f)){y) = fim), y e Ch(cli?) 

holds for every / G A by Corollary 15.181 

We show that {S\A-^)e = S on A. By the definition of {S\A-^)e 
we have that for every g G (cM)^^ there exists a sequence {gn} in A^^ 
with ll^f — gn\\oo{MA) — ^ as 72 oo, and the equality 

\\{S\A~^)Eg - Sgn\\oc{MB) 
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holds as n ^ oo. Thus for every f E A and g G (cM) ^ the equahty 

\\SfSgn — Oi\\oo{MB) = Wfdn " tt||oo(MA) 

holds, where {gn} C A~'^ and \\g — gn\\oo{MA) — * as — »• cxo. Letting 
n — i> oo we see that the equality 

(7.3) \\Sf{S\A~^)Eg - «||oo(Ms) = Wfg - a||oo(M^) 

holds for every f E A and g E (cM)~^ Since (S'|A"^)ij((cM)"i) = 
(cli?)~^ holds we see that the equality 

\\SfG — a\\oo{MB) = \\{S\A~'^)EfG — a\\oo{MB) 

holds for every f E A and G E (cli?)^^ by the equations (17. 2p and 
(17.31) . Applying peaking function argument as before it follows that 
the equality 

Sf{y) = {S\A~')Ef{y), y E Ch{c\B) 

holds for every f E A. We show a proof for a convenience. Substituting 
G by nG for positive integer n, we have that 

\\Sf{nG) - a||oo(AfB) = \\iS\A~^)EfinG) - a||oo(Ms), 

so 

\\SfG lloo(Ms) = IK'S'I^ ^)EfG lloo(Ms), 

n n 
and letting n ^ oo we have 

||'S'/G'||oo(Afs) = ||(5'|v4~^)£;/G||oo(Afs) 

holds for every pair f E A and G E (cli?)^^. Suppose that f E A 
and y E Ch(cli?). If Sf{y) = 0, then there exists a sequence {G„} in 

Pcwiy) with 

as n ^ 00 SO that 

\\{S\A^'^)EfGn\\oo{MB) ~^ 0- 

as n 00. It follows that {S\A~^)Ef{y) = 0. In the same way we 
see that Sf{y) = if {S\A~^)Ef{y) = 0. Suppose that Sf{y) 7^ and 
{S\A~^)Ef{y) 7^ 0. Applying Lemma I^TT] we see that there exists a 
G E Pcwiy) such that 

(7.4) a^iSfG) = {Sf{y)}, a^{{S\A-')EfG) = {{S\A-')Ef{y)}. 

Thus we see that 
(7.5) 

\Sfiy)\ = \\SfG\\^^MB) = \\iS\A-')EfG\\^iMB) = \iS\A-')Ef{y)\. 
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Put /i = 1° . Then we have 



WfiSfG - a\\oo{MB) = + l||oo(Ms) = \(^\ i\Sfiy)\ + I) 

On the other hand 
W/j^SfG - a||oo(A/B) = \\KS\A~^)EfG - a||oo(Afs) 



= l«lll \s^f{y)\ ^^^^ + l||oo(Ms)- 

Applying the equations fl7.4p and (17.51) we see that Sf{y) = {S\A^^)Ef{y)- 
Thus we see that S = {S\A~^)e on A. 

Finally we consider the general case, where we do not assume that B 
is semisimple. Let F be the Gelfand transform on B. By applying the 
conclusion of the first part of the proof, we see that the map To S from 
A onto B, the Gelfand transform of B, is injective. It follows that F is 
injective. Thus we see that B is semisimple. Applying the first part of 
the proof we see that the conclusion holds. □ 

Since uniform algebras are unital semisimple commutative Banach 
algebras, we see that the following holds. 

Corollary 7.5. Let A and B he uniform algebras on compact Hausdorff 
spaces X and Y respectively. Suppose that S is a map from A onto B 
which satisfies that there exists a nonzero complex number a such that 
the equality 

\\SfSg - a\\oo{Y) = Wfg - a\\oo{x) 
holds for every pair f and g in A. Then there exist an rj & B with 
if = 1, a homeomorphism cf) from Ch(i3) onto Ch(^), and a clopen 
subset K of Ch.{B) such that the equality 

yeCHB)\K 

holds for every f E A. Furthermore ifTl = 1, then the equality 

\f{m)- yeCHB)\K 

holds for every f ^ A. Furthermore ifTl = 1, and a ^ C\M. or there 
exists a A G C \ M with TX = X, then the equality 

Tf{y) = f{<j>{y)), yeCHB) 

holds for every f E A. 
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Corollary 7.6. Let A be a unital semisimple commutative Banach 
algebra and B a unital commutative Banach algebra. Suppose that S 
is a map from A onto B which satisfies that there exists a non-zero 
complex number a such that 

a^{SfSg - a) n a^{fg - a) 7^ 

holds for every pair f and g in A. Then B is semisimple and there 
exists a homeomorphism (p from Ch(cli?) onto Ch(cl74) such that the 
equality 

Sf{y) = y G Ch(cm) 

holds for every f E A. 

Proof Since 

a^{SfSg - a) n a^{fg - a) 7^ 0, 
holds for every f,g & A, then 

riSfSg -a) = i{fg - a) 

holds for every f,g G A. Then by Theorem 17.41 we see that B is 
semisimple and S is real-linear. On the other hand we see that SA~^ = 
B~^. Suppose that / G A~^. Then 

cjAfiaf~')-a) = {0}, 

so 

a^{SfSiaf-')-a)D{0}. 

It follows that 

a^{SfS{af-')-a) = {0}. 

We see that Sf G B^^. Thus we see that SA^^ C B^^. Suppose 
conversely that F G B^^. then there exist an / and a g in A with 
Sf = F and Sg = aF^^. Then 

a^iSfSg -a) = {0}, 

so 

(^Afg - a) = {0}. 

We see that / G A^^. Thus we see that B^^ C A^^, and thus SA~^ = 
B~^. Then by Corollary 16.11 there exists a homeomorphism from 
Ch(cli?) onto Ch(cM) such that the equality 

(7.6) Sf{y) = Sl{y)f{<j>{y)), y G Ch(cli?) 

holds for every / G A~^. We show that the equation (17.61) holds for 
every / G A. Let / G A. Then there exist /o G A~^ and a complex 
number yU with f = fo + fi- If /i = 0, then 

Sf{y) = Sfoiy) = Sl{y)f{<P{y)) = Sl{y)f{<j>{y)), y G Ch(cli?) 
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holds. If /i 7^ 0, then, the by real-hnearity of S and the equation fl7.6l) 
we have 

Sf{y) = Sfoiy) + SX{y) = Sl{y)fo{<j>{y)) + Sl{y)X = Sl{y)f{<f>{y)) 



holds for every y G Ch(cl-B). □ 



The authors do not know if a corresponding result for a = holds. 
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